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Chapter 1
Introduction
Snow and ice, cool streams, springs, caves and cellars were long ago used to refrigerate
food. Inventions in mechanical refrigerators pioneered by Dr. William Cullen, Micheal Fara-
day and many others have revolutionized the production of cold which is a desired product
for many. Today, the refrigerator is the most used appliance, found in more than 95.0 % of
homes in the developed world. In the 1980’s high temperature Tc superconductors were
invented which lead to a hectic activity in the superconducting science and technology lea-
ding to several applications. However, most of these applications could not be realized in
practise due to non-availability of reliable, small and cheap cryocoolers. Recent develop-
ments in the cryocoolers, in particular, pulse-tube cryocoolers has rejuvenated the interest
in high Tc superconducting applications. For applications such as cooling of non-dissipating
superconducting circuits, the cryocooler should be further miniaturized and in a sense be
"invisible". In the future, miniature cryocoolers may even find uses in desktop computers
where they could cool superconducting circuits, allowing the circuits to operate at speeds
hundreds of times faster than today’s conventional electronics without overheating. This
thesis deals with the investigation of scaling down aspects of pulse-tube refrigerators. In
this chapter, a general introduction of cryocoolers is given. A short description of the pulse-
tube cryocooler and the operating principle is summarized.
1
2 Introduction
1.1 Cryocoolers
Cryogenics is the area of science and research, at temperatures below 120 K.
At these temperatures some materials exhibit superconducting properties enabling
the development of novel devices. Semi-conductor materials would also gain from
the decrease in thermal noise at low temperatures often increasing the speed of
such devices and systems [1]. Cryocoolers are small refrigerators capable of achie-
ving useful refrigeration at cryogenic temperatures. The working principle of these
cryocoolers are based on thermodynamic cycles. The efficiencies of these cryocoo-
lers are of great importance due to the large power inputs required for the amount
of useful refrigeration achieved which is thermodynamically limited by the Carnot
COP Tc/(Tw − Tc) (T is temperature and the subscripts c and w refer to cold and
warm, respectively). Ideally, at 80 K, 2.75 W of power is required for each watt of
cooling and at 4 K, 74 W is required for 1 W of cooling. A heat sink temperature
of 300 K is assumed in these calculations. Power inputs in practical refrigerators
are usually at least ten times these values because of various inefficiencies.
The applications of cryocoolers are varied which depend on the cryogenic tem-
perature and cooling power. A good overview of various applications of cryocoolers
was given by Radebaugh [2] and a survey of the commercial cryocoolers was done by
ter Brake et al. [3]. One of the major applications of cryocoolers is cooling of various
detectors for space, military and commercial purposes (night vision cameras, infra-
red detectors etc.). There are many applications in which cryocoolers are part of the
system such as cooling of super conducting circuits and magnets. A good example
of a system containing a superconducting magnet is a magnetic resonance imaging
(MRI) system. This thesis focuses on the development of miniaturized cryocoolers.
The requirements of the cryocooler are given in section 1.3. These micro-miniature
cryocoolers can be used to cool terahertz sensors [4–6] used for detecting explosives
and/or diagnosing cancer, microwave filters in wireless applications, cryosurgery
[7–18] and many more applications.
1.2 Cooling principles
This section presents a short introduction to several cooling principles. Gas
cycles and in particular regenerative cycle are presented in greater detail because
they are essential in the cooling cycle under study in this thesis. Walker [19, 20] gives
a comprehensive study of the gas cycles. The pulse-tube cryocooler, a particular
type of regenerative cycle is of great interest because of several advantages. Rade-
baugh [21] has reviewed the progress made in pulse-tube cryocooler development.
A short introduction to alternate cooling cycles is also presented. A comprehensive
study of these alternative cycles is given by Radebaugh [22] and are also described
by Burger [23].
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1.2.1 Optical
Laser, or optical, cooling is based on anti-Stokes fluorescence principle and
occurs when the amount of energy emitted by a solid, when exposed to an energy
source, is more than the energy it absorbs. A laser aimed at certain materials
will excite the material’s atoms to a higher energy state. These excited atoms
absorb a little extra energy from the heat of the surrounding material. When they
produce photons, the photons are of a higher energy than the initial laser energy
and this radiation of energy cools the material. Scientists at Los Alamos developed
a refrigerator based on laser cooling called LASSOR – the Los Alamos Solid-State
Optical Refrigerator. LASSOR uses a 1.6-watt laser to cool fluoride glass doped
with ytterbium (Yb). The glass cooled from 298 to 282 K [24, 25]. For over a
decade of research with several materials the temperature difference improved to
65 K from room temperature [26].
1.2.2 Thermoelectric
Thermoelectric cooling uses the Peltier effect [19] to create a heat flux between
the junction of two different types of materials when an electrical voltage is ap-
plied. Thermoelectric coolers have no moving parts, they operate without noise,
small lightweight package, operation in any orientation and have solid state reliabi-
lity. These attractive features of the thermoelectric coolers are however undermined
by maximum temperature difference achievable even with developments. The maxi-
mum temperature difference that can be achieved with a multi-stage thermoelectric
cooler is less than 160 K [27]. Thus from ambient temperatures of 300 K the mini-
mum temperature achievable is about 140 K. At these temperatures the coefficient
of performance is very low. Hence, thermoelectric coolers are not suitable in their
present form for cryogenic cooling.
1.2.3 Gas cycles
Refrigerators that work on gas cycles have thermodynamic processes as interme-
diatory steps. One of the steps would be the cooling step in which heat is absorbed
from the object to be cooled into the working fluid which is later rejected at the
warm part of the refrigerator in a subsequent step. Till today, gas cycles are the only
principles by which cryogenic temperatures are obtained and hence are interesting
candidates for miniaturization studies. Figure 1.1 shows the general classification of
cryocoolers that utilize a thermodynamic cycle. Gas cycles can be primarily divided
into recuperative (steady flow) and regenerative (oscillating flow) types.
Recuperative (Steady flow)
The Joule-Thomson (JT) and Brayton cryocoolers are of the recuperative type
in which the working fluid flows steadily in one direction, with steady low and
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6 Introduction
high pressure lines analogous to DC electrical systems. A schematic of the Joule-
Thomson cryocooler is shown in figure 1.2 (a). The compressor operates with a fixed
inlet pressure and a fixed outlet pressure. If the compressor is a reciprocating type,
it must have inlet and outlet valves to provide the steady flow. The recuperative
heat exchangers which are mostly counter flow type for maximum effectiveness,
transfer heat from the high pressure stream to the low pressure stream through a
pressure partition. The high effectiveness required for recuperative heat exchangers
can be expensive to realize.
In the recuperative cycles, heating of the gas occurs in the compressor during
compression and cooling occurs at a particular location where the gas is expanded
from the high to the low pressure. An expansion valve, orifice, capillary or porous
plug is used in the Joule-Thomson (JT) cryocooler, whereas an expansion engine
such as an expansion turbine is used in the Brayton cycle. However, the expansion
engine is a moving element that leads to increased cost and potential reliability
problems.
The main advantage of a JT cooler is the lack of cold moving parts which al-
lows the cold end to be miniaturized, providing a rapid cool-down. Since it uses
steady flow, cold can be transported across long distances for example in cryoge-
nic catheters for cryosurgery applications [7]. Typically, nitrogen or argon is used
in JT coolers, requiring pressures of 20 MPa (200 bar) or more on the high pres-
sure side to achieve reasonable cooling. A disadvantage is the low efficiency when
used in a closed cycle mode because the compressor efficiencies are very low when
compressing to such high pressures. Another disadvantage of the JT cryocooler is
the susceptibility of plugging or clogging the very small restriction by frozen mois-
ture [28]. Brayton cryocoolers have cold moving parts and hence are difficult to
miniaturize.
Regenerative (Oscillating flow)
The regenerative cryocoolers use atleast one regenerative heat exchanger, or
regenerator, and operate with oscillating flow and pressure. They are analogous to
AC electrical systems. In this analogy, pressure is analogous to voltage, and mass
flow or volume flow is analogous to current. Further comparisons with electrical
systems will be discussed later. In a regenerator, incoming hot gas transfers heat
to the matrix of the regenerator, where the heat is stored for a half cycle in the
heat capacity of the matrix. In the second half of the cycle the returning cold gas
flowing in the opposite direction through the same channel, picks up heat from
the matrix and returns the matrix to its original temperature before the cycle is
repeated. At equilibrium, one end of the regenerator is at room temperature while
the other end is at the cold temperature. Very high surface areas for enhanced heat
transfer are easily achieved in regenerators through the use of stacked fine-mesh
screen or packed spheres.
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1.3 Scope of the thesis
Research on miniaturization of cryocoolers started at the University of Twente
in the late 90s. The research, primarily funded by STW (Dutch Technology Foun-
dation) is carried out at the Cooling and Instrumentation group headed by Prof.
H.J.M ter Brake. J.F. Burger was the first research student on the project and he
has investigated miniaturization aspects of various cooling principles [23], inclu-
ding recuperative and regenerative gas cycles. He chose to investigate JT cooler in
detail and his efforts lead to the design of a sorption compressor powered closed
cycle JT cooler that cooled to about 165 K [29–31]. In his conclusions he suggested
investigating further both recuperative and regenerative cycles.
As a follow-up, two new projects took shape. The first was on the continua-
tion of the work of Burger on the recuperative coolers. Lerou worked as a research
student on the project and has developed JT cold tips fabricated with microsys-
tems technologies [32]. The second project is devoted to understanding the scaling
aspects of regenerative cycles and is the subject of this thesis. For both these pro-
jects the specifications of the microcooler was to provide 10 mW net refrigeration
power at a cold temperature of 80 K.
1.4 Regenerative cryocoolers
1.4.1 Stirling
Because of its long history, the Stirling cryocooler may be considered the ’parent’
of the other forms of regenerative cryocoolers shown in figure 1.2 (b). The Gifford-
McMahon and pulse-tube refrigerators are variations of the Stirling refrigerator.
Operation of the pulse-tube refrigerator is best understood by first considering the
operating principles of the Stirling refrigerator.
The Stirling cryocooler shown in figure 1.2 (b) consists of a compressor, regene-
rator, displacer and heat exchangers. The compressor in the Stirling refrigerator is
a valve less type and is also called a pressure oscillator. It is simply an oscillating
piston or it could be an oscillating diaphragm. It creates an oscillating pressure
in the system where the amplitude of oscillation is typically about 10 to 30 % of
the average pressure. In order to provide high power densities and keep the system
small, the average pressure is typically in the range of 1 to 3 MPa and frequen-
cies are in the range of 20 to 60 Hz. Helium is almost always used as the working
fluid in the regenerative cycles because of its ideal gas properties, its high thermal
conductivity, and its high ratio of specific heats.
A pressure oscillation by itself in a system would simply cause the temperature
to oscillate and produce no refrigeration. The second moving component, the dis-
placer, is required to separate the heating and cooling effects by introducing motion
of the gas in the proper phase relationship with the pressure oscillation.
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Classical explanation of Stirling cryocooler is done with an ideal Stirling cycle
[19]. Figure 1.3 shows the position of compressor and expansion pistons during
intermediatory steps in a cycle. Let us assume that initially the compressor piston is
away and the expansion piston is close to the face of the regenerator. All the working
fluid is then in the compression space at ambient temperature TW , the volume is
a maximum, and the pressure and temperature are at the state (1) on the P-V
diagram, shown in figure 1.4. During compression, process a, the compression piston
moves towards the regenerator and the expansion piston remains stationary. The
working fluid is compressed in the compression space, and the heat of compression
is removed by heat exchange with the ambient.
In the process b, both pistons move simultaneously, the compression piston
towards, and the expansion piston away from, the regenerator. The working fluid
is transferred through the regenerator to the expansion space. In passing through
the regenerator, the working fluid is cooled by transferring heat to the matrix, and
emerges from the regenerator into the expansion space at temperature TC .
In the expansion process c, the expansion piston moves away from the regene-
rator; the compression piston remains stationary, adjacent to the regenerator. As
the expansion proceeds, the pressure decreases as the volume increases. During this
process the cooled gas absorbs heat from the device it is cooling. This is the useful
refrigeration of the cycle.
Finally both pistons move simultaneously to transfer the working fluid back
through the regenerative matrix from the expansion space to the compression space.
In passing through the matrix, heat is transferred from the matrix so the working
fluid increases in temperature (process d).
The ideal Stirling cycle described above has two pistons: compressor and ex-
pansion piston. However, practical Stirling coolers have just one piston which is
the compressor piston and the second a displacer. The displacer is different from a
piston in the sense that it has to be strong enough only to overcome the pressure
drop along the regenerator to shift the gas from one location to another. The cyclic
process in a practical Stirling cooler can be best described as follows: When the
displacer in figure 1.2 b is moved downward, the helium gas is displaced to the
warm end of the system through the regenerator. The piston in the compressor
then compresses the gas, and the heat of compression is removed by heat exchange
with the ambient. Next the displacer is moved up to displace the gas through the
regenerator to the cold end of the system. The piston then expands the gas, now lo-
cated at the cold end, and the cooled gas absorbs heat from the system it is cooling
before the displacer forces the gas back to the warm end through the regenerator.
There is little pressure difference across the displacer (only enough to overcome
the pressure drop in the regenerator) but there is a large temperature difference.
Stirling cryocoolers usually have the regenerator inside the displacer as shown in
figure 1.2 c.
In practice, motion of the piston and the displacer are almost always sinusoidal.
The correct phasing occurs when the volume variation in the cold expansion space
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leads the volume variation in warm compression space by about 900 (see figure 1.3).
With this condition, the mass flow or the volume flow through the regenerator
is approximately in phase with pressure. In analogy with AC electrical systems,
real power flows only with current and voltage in phase with each other. Without
the displacer in the Stirling cycle the mass flow leads the pressure by 900 and
no refrigeration occurs. Though the moving piston causes both compression and
expansion of the gas, a net power input is required to drive the system since the
pressure is higher during the compression process. Likewise, the moving displacer
reversibly extracts net work from the gas at the cold end and transmits it to the
warm end where it contributes some to the compression work. In an ideal system,
with isothermal compression and expansion and a perfect regenerator, the process
is reversible. Thus, the coefficient of performance COP for the Stirling refrigerator
is the same as the Carnot COP.
1.4.2 Gifford-McMahon
The Gifford-McMahon (GM) cryocooler is similar to that of the Stirling cry-
cooler in operation except that the compressor has valves. In the mid-1960s Gifford
and McMahon [33, 34] showed that the pressure oscillation for cryocoolers could
be generated by the use of a rotary valve that switches between high- and low-
pressure sources. This way the cold head could be placed far away from the com-
pressor thereby reducing the noise levels. The Gifford-McMahon refrigerator has
the same low-temperature parts as the Stirling refrigerator. Use of rotary valves
also allowed the early GM cryocoolers to use compressors designed for air condi-
tioning equipment which required oil removal equipment for longer lifetime. The
irreversible expansion through the valves significantly reduces the efficiency of the
process, but the advantage of this approach is that it allows for an oil-lubricated
compressor to supply the high- and low pressure sources with oil-removal equip-
ment on the high pressure side. The cold head could be placed quite some distance
from the compressor and connected by flexible lines for the high and low pressure
gas.
1.4.3 Pulse-tube
Pulse-tube cryocooler development started as a laboratory curiosity in the 1960s
to become today, the most efficient and reliable cryocoolers for temperatures bet-
ween about 60 and 120 K. In 1963 Gifford and Longsworth discovered a refrigeration
technique which eliminates the displacer from the Stirling refrigerator which these
days is known as the Basic pulse-tube Regrigerator (BPTR) [35]. It is interesting
to note that the BPTR has not much in common with modern PTR’s which work
on a completely different principle. Efficiencies of this arrangement were very poor,
and, as a result, little work was done with the basic pulse-tube refrigerator. The
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Figure 1.4: PV diagram of the Stirling cooler cycle.
lowest temperature reached with BPTR was 124 K with a single stage PTR and
79 K with a two stage PTR [36].
In 1984 Mikulin et al. [37] inserted an orifice at the warm end of the pulse-tube
to allow some gas to pass through to a large reservoir volume and achieved a low
temperature of 105 K using air as the working gas. Soon afterwards Radebaugh
et al. [38] reached 60 K with a similar device using Helium gas as shown in figure
1.2 (d). The proper gas motion in phase with the pressure is achieved by the
use of an orifice and a reservoir volume to store the gas during a half cycle. The
reservoir volume is large enough that negligible pressure oscillation occurs in it
during the oscillating flow. The oscillating flow through the orifice separates the
heating and cooling effects just as the displacer does for the Stirling and Gifford-
McMahon refrigerators. The orifice pulse-tube refrigerator (OPTR) operates ideally
with adiabatic compression and expansion in the pulse-tube. The four steps in
the cycle are as follows. (1) The piston moves down to compress the gas in the
pulse tube. (2) Because this heated compressed gas is at a higher pressure than the
average in the reservoir, it flows through the orifice into the reservoir and exchanges
heat with the ambient through the heat exchanger at the warm end of the pulse-
tube. The flow stops when the pressure in the pulse-tube is reduced to the average
pressure. (3) The piston moves up and expands the gas adiabatically in the pulse
tube. (4) This cold low-pressure gas in the pulse-tube is forced past the cold end
heat exchanger by the gas flow from the reservoir into the pulse-tube through the
orifice. The flow stops when the pressure in the pulse-tube reaches to the average
12 Introduction
pressure. The cycle then repeats.
The function of the pulse-tube is to insulate the processes at its two ends. That
is, it must be large enough that gas flowing from the warm end traverses only part
way through the pulse-tube before the flow is reversed. Likewise, flow in from the
cold end never reaches the warm end. Gas in the middle portion of the pulse-tube
never leaves the pulse-tube and forms a temperature gradient that insulates the
the two ends. Roughly speaking, the gas in the pulse tube is divided into three
segments, with the middle segment acting like a displacer but consisting of gas
rather than a solid material.
The absence of the moving displacer in pulse-tube cryocoolers gives them many
potential advantages over Stirling cryocoolers. These advantages include higher
reliability, lower cost, lower vibration, less EMI (Electro Magnetic Interference).
Earlier pulse-tube cryocoolers were not nearly as efficient as Stirling cryocoolers,
but advances in the last ten years have brought pulse-tube refrigerators to the point
of being the most efficient of all cryocoolers. The improved efficiency is because of
the better understanding and the introduction of passive elements such as secon-
dary orifice and inertance tube. Radebaugh [21] has comprehensively discussed the
advances made in the pulse-tube refrigerators. In chapter 3 and 4, the importance
of inertance tube is discussed.
There are three different geometries that have been used with pulse tube cryo-
coolers as shown in figure 1.5. The inline arrangement is the most efficient because
it requires no void space at the cold end to reverse the flow direction nor does it
introduce turbulence into the pulse-tube from the flow reversal. The disadvantage
is the possible awkwardness associated with having the cold plate located between
the to warm ends. The most compact arrangement and the one most like the geo-
metry of the Stirling cryocooler is the coaxial arrangement. That geometry has the
potential problem of a mismatch of temperature profiles in the regenerator and in
the pulse-tube that would lead to steady heat flow between the two components
and a reduced efficiency.
1.5 Objective
The main objective of this research was to investigate miniaturization of regene-
rative cryocoolers. This work will aid in designing a micro pulse-tube refrigerator for
on-chip cryogenic applications. Furthermore, the understanding of high frequency
operation of the regenerator will allow increasing the power density of existing com-
mercial cryocoolers leading to reduced dimensions (size), mass and overall cost of
such cryocoolers.
In summary, this thesis outlines what has previously been done, what was nee-
ded, how to do it, results (experimental), implications of the results, and future
work needed.
Chapter 2 starts by discussing previous studies and why this investigation was
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needed. Chapter 3 introduces the phasor representation of oscillating systems and
applies this analysis for studying the influence of various parameters on the rege-
nerator performance. Expressions for various losses in the regenerator were derived
as a function of regenerator operation and geometry parameters. High frequency
operation of the regenerator was also discussed in greater detail. The design rules
derived for the regenerator are used in chapter 4 for a systematic design of a
pulse-tube refrigerator. The scaling down limitations of a pulse tube refrigerator
operating at a certain frequency are also described. For efficient operation of small
pulse-tube refrigerators the operating frequency must be increased. To experimen-
tally verify the theoretical model of high frequency regenerator operation, a 120
Hz pulse-tube refrigerator is constructed. Experimental results of the 120 Hz pulse-
tube refrigerator and comparison with theoretical model are discussed in chapter
5. The 120 Hz pulse-tube refrigerator with regenerator dimensions of 30 mm length
and diameter of about 10 mm, cooled to 80 K in about 5.5 minutes with a cooling
power of about 3.5 W. This very fast cooldown prompted us to model the cool-
down process, which is described in chapter 6. In order to operate the regenerator
at frequencies of the order of 1 kHz, a step towards micro pulse-tube development,
small hydraulic diameter regenerator materials are necessary. In this respect, micro
pillar matrices embedded in a micro fluidic channel fabricated with microsystem
technologies are investigated in chapter 7. High frequency operation of pulse-tube
refrigerators would need an accompanying efficient high frequency compressor. Pie-
zoelectric actuators were chosen as a driver for this high frequency compressor due
to many advantages. Design and experiments of this compressor are discussed in
chapter 8. The last chapter in this thesis summarizes accomplishments of this re-
search and proposes future work as an extension of this investigation.
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Chapter 2
Previous work
This chapter presents a brief overview of the past and existing efforts towards the deve-
lopment of miniature cryocoolers. Currently, gas cycles are the only techniques by which
cryogenic temperatures are attainable. Hence, these techniques are discussed in greater
detail.
2.1 Thermoelectric cooler
Figure 2.1 shows an illustration of a micro cryogenic (below -1500C) thermoe-
lectric (TE) cooler under development at Heat Transfer Physics group of Prof.
Massoud Kaviany at the University of Michigan, Ann Arbor [1]. The micro ma-
chined thermoelectric cooler is supported on a substrate and is encapsulated from
the external environment using a package cap that provides vacuum encapsulation
and radiation shielding to minimize thermal losses. A MEMS or IC chip is moun-
ted in the middle of the cooler and the signals are transferred out using sealed
feed throughs. A major advantage of this design is its small size and potential
low cost due to the use of wafer-level packaging and fabrication technologies. The
thermoelectric materials used are telluride compound films.
Although the TE cooler is very interesting for microcryocooler applications, the
success of the design will depend on many factors. First, is the materials that will
be used to make the thermoelectric junction. As was mentioned in the previous
chapter TE coolers have very low efficiency at lower temperatures (below 200 K).
Till date there has been no published literature on TE coolers reaching cryogenic
temperatures. The second challenge is the vacuum packaging with interconnections
in the micro scale. It is rather difficult to maintain high vacuum in the microstruc-
tures. Research is being carried out at the TST group at the University of Twente
to investigate vacuum packaging and interconnections.
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Figure 2.1: Concept of MEMS cryogenic thermoelectric cooler under develop-
ment at the University of Michigan [1].
2.2 Joule Thomson cryocooler
During the 1980’s, Little et al. pioneered the work on recuperative micro co-
olers. Using an abrasive etching process also called powder blasting in microsystems
literature, they made a range of miniature cold stages [2, 3]. The cold stage shown
in figure 2.2 a, used an open-loop recuperative cycle with nitrogen gas supplied
from a gas bottle at a pressure of 165 bar and a flow rate of 3 mg/s. These coolers
were made commercially available by MMR Technologies [4]. The smallest size is
about 60 x 14 x 2 mm (1.68 cc). It can cool down to 35 K with a cooling power of
50 mW using a two stage nitrogen / neon Linde-Hampson 1 configuration.
In early 2000, Burger et al. developed a Joule-Thomson (JT) cold stage with
a total volume of 0.76 cc (77 x 9 x 1.1 mm, see figure 2.2 b). They combined the
cold stage with a sorption compressor, thus realizing a closed-cycle micro cooler [5].
This miniature cooler had a cooling power of 200 mW @ 170 K. Burger used Micro
Electro Mechanical System (MEMS) technology to construct the components of
the cold stage. Wet KOH etching and wafer bonding techniques were used for the
fabrication of a condenser, restriction and evaporator in silicon. Counter-flow heat
exchangers were made out of tiny glass capillaries. After fabrication, the different
cold stage parts were glued together.
Lerou et al. followed up Burgers work on JT coolers to develop a cold-stage that
would be reproducible with a simple production process. In comparison to Little’s
1. This cycle is quite similar to the Joule-Thomson cycle with a difference in the compression
step.
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abrasive etching process, a reliable and relatively accurate wet chemical etching
processes typically used in MEMS technology was used by Lerou. The prototypes of
the manufactured cold tips are shown in figure 2.2 c. Another important difference
with Little’s work was the optimization of cold stages for maximum cooling power.
The coefficients of performance (COP) of the micro cold stages were approximately
double compared to Little’s design. Similar to Little the cold stage was supplied
with a high pressure nitrogen gas at 80 bar. The temperature reached by the cold
stages was about 96 K [6]. However, the cold stages clogged after about 3 hour
of continuous operation. Lerou et al. [7] attributes the clogging to the presence of
water in the cooler that deposits in the counter-flow heat exchanger and obstructs
the flow through the JT restriction. One of the recommendations of Lerou [8] to
make a closed cycle JT cooler is to use a sorption compressor. At the time of writing
this thesis there is a follow up project of Lerou on the micro JT stage to integrate
the cold tips with a sorption compressor.
2.3 Regenerative cryocooler
Regenerative cryocoolers work with modest pressure ratios compared to recu-
perative cycles which make them attractive cycles for miniaturization of the entire
cooler including the compressor. Several papers address the scaling issues of rege-
nerative cryocoolers with emphasis only on the conduction loss and heat transfer
effectiveness of the regenerator [9].
Nakajima et al [10] studied miniaturization of Stirling engines, which are essen-
tially Stirling coolers operating in the reverse mode. They realized a Stirling engine
with a piston swept-volume of about 0.05 cc that produces a power of 10 mW at
10 Hz.
Peterson proposed a Stirling cooler with resonantly coupled expansion piston
[11] as shown in figure 2.3 (a). This cooler contains a membrane with bellows instead
of cylindrical pistons. The resonance frequency of such a membrane is of the order
of several kHz [16]. The aspect of regenerator operation at such frequencies was
not studied by the author.
Peterson et al. [9, 12] and others [13] tried to establish a theoretical lower size
limit to the regenerative cryocooler, by comparing the conduction heat losses of
the regenerator as a function of length scale. Their studies suggest that, given the
thermal and mechanical properties of the materials available today for manufactu-
ring regenerators, the regenerator could be shortened to 5 - 10 mm when operating
at 1 kHz.
Bowman et al. [17] patented a microminiature Stirling cooler concept as shown
in figure 2.3 (b). The cold-stage temperature is placed normal to the wafer plane.
The top side is the cold end where the electronics are located. The bottom side
contains the compressor actuator. In between, regenerative displacers are located,
suspended on thin diaphragms. There has been no work reported on the realization
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Figure 2.2: Micro Joule Thomson cooler developments. (a) Realization of the
first micro JT cooler by Little et al. [3] which is commercialized by MMR techno-
logies. (b) 165 K closed cycle JT cooler with a sorption compressor (not shown
in figure), described by Burger [5]. (c) Micro JT tips as presented by Lerou [8].
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Figure 2.3: Development of miniature cryocoolers based on Stirling cycle. (a)
Concept of resonantly coupled expansion piston by Peterson [11].(b) Concept of
Stirling cooler patented by Bowman et al. [17]. (c) Schematic of Stirling cooler
with active diaphragms as described by Maron et al. [19] (d) Fabricated regenerator
material. (e) Cross-section of double inlet pulse-tube refrigerator as described by
Nikka et al. [21].
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of this cooler. As discussed by Burger [16] it is unlikely that a large temperature
gradient can be sustained on a small length scale without much conduction losses.
Hence, the patent of Bowman is only a concept which cannot be realized in practice.
A similar patent by Maron [14], published shortly after, basically follows the
same concepts put forward by Bowman with some modifications as relating to cycle
control. Some experimental work followed Moran’s patent at the NASA Glenn Re-
search Center [18]. The illustration of the proposed system is shown in figure 2.3
(c). The 1- by 1-cm regenerator will be fabricated using MEMS processes. Commer-
cial (non-MEMS) piezoelectric actuators were proposed to drive the compression
and expansion diaphragms, which are the only moving parts of the device. The
diaphragms are deflected toward and away from the regenerator region in phase-
shifted sinusoidal fashion to produce the Stirling cycle. Expansion of the working
gas directly beneath the expansion diaphragm in each cycle creates a cold end for
extracting heat, whereas compression at the other end creates a hot region for re-
jecting heat. Heat is transferred to and from the working gas as it is forced through
the regenerator region by the moving diaphragms. The development of a regene-
rative heat exchanger for the proposed Stirling system was reported by Maron et
al. [19]. The fabricated prototype comprised of ten separate assembled layers of
alternating metal (nickel)-dielectric (photoresist) composite. Each layer is offset to
minimize conduction losses and maximize heat transfer. A grating pattern of 100
µm square non-contiguous flow passages were formed as shown in figure 2.3 (d),
with a nominal 20 µm wall thickness, and an overall assembled ten-layer thickness
of 900 µm. Experimental results were not available and further developments on
the system were not reported.
In chapter 1 we have discussed several advantages of the pulse tube refrigerator
(PTR) over Stirling cryocoolers. The most distinctive feature of the PTR is that
that it has no moving parts at the cold end. Hence, similar to JT cold tips, micro
pulse-tube cold tips can be manufactured with less manufacturing complexity. Ho-
wever, the operation of a PTR is more complex than that of the JT cold tip. For
efficient operation of the PTR, the processes in the pulse-tube must be nearly adia-
batic which means the gas must be well insulated from the tube walls (tube radius
must be an order larger than the thermal diffusion depth of the working gas). In
a large system, adiabatic conditions can be easily achieved where as it gets criti-
cal when the system is miniaturized. The diffusion depth varies with frequency of
operation as 1/
√
f . Hence, increasing the frequency of operation will allow efficient
operation of the pulse-tube and hence miniaturization of the PTR. Until recently,
efficient operation of regenerative cryocoolers at frequencies above about 60 Hz has
not been possible because of poor heat transfer in the regenerative heat exchanger.
A no-load temperature of only 147 K was achieved at 350 Hz [15]. Radebaugh has
shown that, with the right combination of operating parameters and regenerator
geometry, efficient operation at frequencies even up to 1 kHz may be possible [20].
A double inlet orifice pulse-tube refrigerator fabricated with MEMS technologies
was reported by Nikka et al. [21]. The cross-section of the fabricated orifice-PTR
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is shown in figure 2.3 (e). It is made of three wafers, the top and bottom were
glass wafers and the middle one is made of silicon. The silicon wafer was chemically
etched to form various components of pulse-tube refrigerator. Glass beads were
used as regenerator material. A commercially available linear motor compressor
(not shown in figure) was used in the experiments. Experimental results show that
the temperature reduction was only 10 to 12 degrees when operated at a filling
pressure of 1.2 MPa and 50 Hz. As mentioned above the poor performance is
because of the inefficient operation of pulse-tube at small scale at a frequency of
50 Hz.
2.4 What was needed?
As described in the previous chapter, the objective of this thesis was to in-
vestigate miniaturization of pulse-tube cryocoolers. However as mentioned above,
miniaturization of pulse-tube cryocoolers is not straightforward. So the questions
that need to be addressed are:
(a) What are the limitations of scaling down of pulse-tube cryocoolers?
The answer to this question depends on the scaling down constraints of various
components of pulse-tube cryocooler, most important of them are, the regenerator,
the pulse-tube and the phase shifting components such as the inertance tube and
the reservoir. The thermodynamic behavior of these components are significantly
different from each other. Regenerator has porous, densely packed material for
heat storage during part of the cycle. The heat transfer process and the pressure
drop are significantly affected by the geometry and the operating parameters of the
regenerator. Hence, a detailed understanding of the influence of these parameters
on the performance of the regenerator is necessary. Processes in the pulse tube
must be nearly adiabatic for efficient operation of the cryocooler. The limitations
in scaling down of the pulse-tube should be studied. The scaling down analysis
should be verified experimentally to give us confidence for further scaling down the
system.
(b) Can microsystems technology be used to fabricate micro pulse-tube cryocoo-
lers?
One of the goals of the project is to investigate the use of microsystems tech-
nologies to batch produce cryocoolers. Since, this process is inherently a 2 and
1/2 D process the geometry is significantly different from the conventionally used
regenerator materials. To use these new materials in the numerical programs for
optimizing the regenerator, we need to obtain friction factor (pressure drop) and
heat transfer correlations. Numerical simulation of the micro-structures were pre-
viously reported by several authors but there has been no systematic comparison
of various structures. Hence, experimental characterization of these new materials
would enable the use of new regenerative materials for micro-cryocoolers.
(c) Micro pulse-tube cryocooler would need an accompanying compressor, can
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conventional compressors be scaled down?
Conventional compressors for driving pulse-tube cryocoolers are of moving coil
or moving magnet type of electromagnetic actuators. Down scaling electromagnetic
actuators result in issues relating to Joule heating of the coil. An alternative suitable
actuation mechanism is a piezoelectric actuator. Piezoelectric actuators produce
large force but very low stroke. Since micro pulse-tube cryocooler will have low
gas volume, small stroke of piezoelectric actuators is not a major drawback. Micro
compressors driven by piezoelectric actuators should be studied to evaluate their
use to power a micro pulse-tube cryocooler.
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Chapter 3
The regenerator
The regenerator is the most important component of a regenerative cryocooler. The purpose
of the regenerator is to transmit acoustic or PV power from the compressor to the cold end
of the regenerator with a minimum of losses. These losses include thermal ineffectiveness
(enthalpy flow), lost power associated with pressure drop and axial thermal conduction.
These losses are complex functions of the dimensions and operation parameters of the
regenerator. Phasor analysis was used in this chapter, to gain powerful insights into the
influence of various parameters on the operation of the regenerator. The optimum phase
relationship between the pressure and flow in the regenerator is to have them in phase
at the midpoint of the regenerator, so as to minimize the amplitude of mass flow at each
end of the regenerator for a given power flow through the regenerator. Parameter analysis
indicates that the optimum specific area (ratio of gas cross-sectional area to mass flow)
depends on the pressure drop, inefficient heat transfer, conduction and void volume losses.
The conduction and void volume losses impose a limit on the length of the regenerator for
a set of operating parameters. Numerical analysis of the regenerator is often the final tool
used to optimize the regenerator. The convergence criteria and guesses for subsequent
runs are described in this chapter.
3.1 Introduction
A regenerator is a heat exchanger which acts as a heat storage device. The
difference between a regenerative and recuperative heat exchanger is that the latter
has two fluids exchanging heat with each other through a separating wall. The fluids
do not mix, nor do they come in direct contact with each other. A regenerative
heat exchanger consists of a high heat capacity material with high surface area
with which the fluid periodically exchanges energy. In Stirling type of refrigerators,
the gas oscillates periodically through a single fixed matrix. The gas is heated
by compression, then passed through the regenerative matrix, where the heat is
absorbed by the matrix from the warm gas. Next, the fluid is cooled by expansion
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Figure 3.1: Commonly used regenerator materials.
and passed through the matrix in the opposite direction where heat is absorbed by
the gas from the matrix.
Figure 3.1 shows wire mesh screen and spheres which are typically used re-
generator materials. Stirling cryocoolers use oscillating flows and pressures with
frequencies of about 60 Hz. Heat flow at such frequencies can penetrate a medium
only short distances, known as the thermal penetration depth δth. Figure 3.2 shows
how the temperature amplitude of a thermal wave decays as it travels within a
medium. The distance at which the amplitude is 1/e of that at the surface is the
thermal penetration depth, which is given by,
δth =
√
λ
pifρcp
(3.1)
where λ is the thermal conductivity, f is the frequency, ρ is the density, cp is the
specific heat capacity of the medium. Higher frequencies lead to smaller penetration
depths. For good heat transfer the lateral dimensions in the fluid or the solid must
be much less than δth. Figure 3.3 shows the temperature dependence of the thermal
penetration depth in helium, copper and stainless steel for a frequency of 60 Hz
and 1 kHz. For copper, oscillating heat flow can penetrate large distances because
of its higher thermal conductivity. However, for helium gas the thermal penetration
depth is quite small, especially at low temperatures. Thus, the hydraulic diameter
in the regenerator which characterizes the lateral dimension, must be much smaller.
The schematic of the regenerator with time averaged heat flows and oscillating
pressure at the warm end Tw and cold end Tc is shown in figure 3.4. The amplitude
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Figure 3.2: Schematic showing the decay of temperature amplitude inside a
medium and the definition of thermal penetration depth.
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Figure 3.4: Schematic of the regenerator. The pressure oscillations at the two
ends of the regenerator are shown. The pressure drop along the length of the
regenerator cause the pressure amplitude at the cold end lower than the pressure
amplitude at the warm end. The steady compression heat Q˙w at the regenerator
warm end, the net cooling power at the cold end Q˙r,net, the conduction loss from
the warm to the cold end Q˙c and the enthalpy flow loss H˙hx are also shown in
the figure.
of the pressure at the cold end P1,c is lower than the warm end P1,w due to pres-
sure drop along the length of the regenerator. Q˙c and H˙hx represent conduction
and enthalpy flow losses (inefficient heat transfer between gas and the material)
respectively whereas Q˙w represents the heat rejected at the aftercooler and Q˙r,net
represents the net cooling power at the cold heat exchanger.
An ideal regenerator should satisfy the following conditions:
1. Zero pressure drop along the length of the regenerator (∆P = 0).
2. Enthalpy flow (the heat which is transferred to the cold end of the regenerator
due to imperfect heat transfer between the gas and the solid) should be zero.
(H˙hx = 0).
3. Infinite heat capacity ratio between the solid material and gas.
4. Zero void volume (gas volume).
5. Zero conduction loss from the warm to the cold end of the regenerator (Q˙c =
0).
6. The gas obeys ideal gas law.
The above requirements are rather conflicting because, as we will see in section
3.6, there is a trade off between pressure drop and heat transfer loss. Similarly, the
gas volume in the regenerator cannot be zero and the conduction losses from the
warm to the cold end cannot be avoided. Moreover, all the losses described above,
vary with operating parameters and the dimensions of the regenerator. In order to
gain powerful insight into the influence of various parameters on the performance of
the regenerator, phasor analysis (graphical representation of oscillating parameter)
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has been introduced and used in this chapter. Parameter analysis has been carried
out to relate various regenerator losses as a function of operating parameters and
the geometry of the regenerator. Numerical simulation is often the final step in the
design of the regenerator to take into account the temperature dependence of fluid
properties. An example numerical simulation of the regenerator with REGEN3.2[2]
(a numerical tool that solves the conservation equations for the regenerator) was
carried out and the results are qualitatively evaluated with the predictions from
the parameter analysis.
3.2 Acoustic power flow
The time averaged acoustic or PV power flow 1 W˙PV is given by,
W˙PV =
1
τt
∫ τt
0
(P − P0) V˙ dt, (3.2)
where P is the pressure oscillation, P0 the average or mean pressure, V˙ is the volume
flow rate evaluated at mean temperature and τt is the time period of oscillation.
Assuming sinusoidal variations, the pressure and volume flow are given by,
P = P0 + P1cosωt (3.3)
and
V˙ = V˙1cos (ωt+ φ) (3.4)
The terms P1 and V˙1 are the amplitudes of sinusoidal pressure and volume flow,
respectively, ω is the angular frequency, and φ is the phase by which the volume
flow leads the pressure. The PV power flow for sinusoidally varying pressure and
volume flow becomes,
W˙PV =
1
2
P1V˙1cosφ (3.5)
Expressing volume flow in terms of mass flow m˙ using ideal gas law, the PV
power becomes,
W˙PV =
1
2
P1m˙
RT
P0
cosφ (3.6)
where R is the specific gas constant and T is the mean temperature at that location.
In an ideal Stirling type of refrigerator the enthalpy flow H˙hx = 0. Applying the
first law of thermodynamics across the cold heat exchanger, the gross refrigeration
power Q˙r is equal to the acoustic or PV power at the cold end of the regenerator
W˙PV,c,
Q˙r = W˙PV,c =
1
2
P1V˙1,ccosφ =
1
2
P1m˙
RTc
P0
cosφ (3.7)
1. The power flow is equivalent to the power calculated from the PV diagram that a fictitious
isothermal piston follows at that location [1]
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where Tc is the cold temperature and V1,c is the amplitude of the swept volume at
the cold end of the regenerator. The losses in the expansion process (such as expan-
ding piston in a Stirling displacer or in a pulse-tube) and in the regenerator (both
pressure drop and inefficient heat transfer) would decrease the gross refrigeration
power.
In an ideal regenerator, the pressure drop along the length of the regenerator is
zero and also the void volume is zero. Hence, the PV power flow at the warm end
W˙PV,w is related to the cold end PV power W˙PV,c as,
W˙PV,w =
Tw
Tc
W˙PV,c (3.8)
where Tw and Tc are the warm and cold end temperatures of the regenerator,
respectively.
The coefficient of performance of the refrigerator (referred to the regenerator
warm end) is defined as the the ratio of the net cooling power Q˙net to the PV
power flow at the warm end as,
COP =
Q˙net
W˙PV,w
(3.9)
For an ideal refrigerator the maximum COP is given by Carnot value which, is
given by,
COPCarnot =
Tc
Tw − Tc (3.10)
The efficiency of the refrigerator is usually expressed in relation to the Carnot COP
as
η =
COP
COPCarnot
(3.11)
Pulse-tube refrigerators operating with warm and cold end temperatures of about
300 K and 80 K respectively have efficiencies (when referred to acoustic power at
the regenerator warm end) in the range of 15 to 25 % of Carnot [3].
3.3 Phasor Fundamentals
In engineering systems such as electrical and mechanical systems, sinusoidal
driving functions are very common. A number of tools were developed to analyze
these oscillating systems. One of the most useful and easy to understand techniques
is that of phasor analysis. In case of Stirling cycle systems, the volume variations of
compression and expansion spaces are usually assumed to be sinusoidal for pressure
ratios lower than about 1.5. Within these limits of lower pressure ratios Stirling
systems can be considered linear systems. The phasor analysis techniques provide
3.3. Phasor Fundamentals 33
Figure 3.5: (a) Phasor representation of an oscillating sinusoidal function.
The length of the arrow is equal to the amplitude of the oscillating quantity and
the angle θ is the phase of quantity at t = 0. The derivative of phasor P˙1 leads the
phasor P1 by 90
0 degrees. (b) The illustration of sinusoidal function represented
by the phasor. (c) Definition of average pressure P0 and the amplitude of dynamic
pressure P1
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powerful insights into the relationship between the various parameters and into
their physical significance.
A sinusoidal function f (t)=P1 ·cos (ωt+ θ) is represented by an arrow as shown
in figure 3.5. This function can be generated by rotating the arrow in the counter
clockwise direction. The projection of the arrow P1 on to the horizontal axis is
P1 ·cos (ωt+ θ) where, the length of the arrow is P1, the angular velocity of rotation
is ω rad/s in the counterclockwise direction, the position of the arrow at t = 0 is
θ radians from the horizontal axis. The arrow is termed as the phasor. The phasor
is normally shown in the t = 0 position. The horizontal axis is referred to as the
real axis and the vertical axis is the imaginary axis. We represent phasors in this
chapter with bold variables. The phasor in figure 3.5 can be represented by the
complex variable P1 · ej(ω·t+θ). All the complex arithmetic can then be applied to
the phasor. It must be noted that the phasor should not be confused with vectors, as
an example oscillating pressure can be represented by a phasor but fundamentally
pressure is a scalar quantity. The time derivative of a phasor is given as,
d
dt
P1 · ej(ω·t+θ) = jωP1 · ej(ω·t+θ) (3.12)
Since j = ejpi/2, we can write the derivative as,
P˙1 = ωP1ej(ωt+θ)ejpi/2 = ωP1ej(ωt+θ+pi/2) (3.13)
Equation 3.13 shows that the time derivative of a sinusoid leads the original sinusoid
by pi/2 radians or 900. The time derivative P˙1 is shown in figure 3.5.
PV power
The time averaged PV power given by equation 3.5 is represented in phasors as
the dot product of the pressure and the volume flow phasor,
˙WPV =
1
2
P1 · V˙1 = 12P1V˙1cossφ (3.14)
where the dot product treats the phasors as vectors and φ is the phase angle between
P1 and V˙1.
3.4 Phasor representation of isothermal and adia-
batic systems
The first and second laws of thermodynamics describe the overall performance of
the thermodynamic system. To understand the detailed behavior of the regenerative
refrigerator, instantaneous operation of the components is necessary.
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In a pulse-tube refrigerator the aftercooler, cold heat exchanger, warm heat
exchanger and the regenerator can be considered as isothermal components. In a
pulse-tube the process must be adiabatic and should have minimum heat exchange
between the gas and the surrounding walls. We will first look at representing iso-
thermal systems followed by adiabatic systems.
3.4.1 Phasor representation of isothermal components
The differential equation for conservation of mass is given by,
∂
∂x
[
m˙
Ag
]
= −∂ρ
∂t
(3.15)
where ρ is the density of gas, Ag is the gas cross-sectional area. Integrating equation
3.15 over the entire length of the isothermal component would relate the mass flows
at the two ends of the components. The mass flow at the two ends is given by,
m˙1 = m˙2 +
P˙V
RTa
(3.16)
where the bold variables represent time varying or phasor quantities, m˙1, m˙2
are the flow rate at the two ends, V is the gas volume in the component, R is the
gas constant per unit mass, Ta is the mean temperature of the component. Figure
3.6 (a) shows the phasor representation of equation 3.16. The pressure phasor P
is arbitrarily taken as the reference. The vertical phasor represents the mass flow
of gas buffered into the volume V which is similar to the capacitive component
in an electrical system. In figure 3.6 (a), the pressure drop in the component was
taken to be zero, but in a real system there will be pressure drop which can be
represented as shown in figure 3.6 (b). In this case the phasor representing the
capacitive term is perpendicular to the average oscillating pressure P . In order
to have a very basic phasor representation of a component, the pressure drop is
neglected in the subsequent phasor representations.
3.4.2 Phasor representation of adiabatic components
In an adiabatic component such as the pulse-tube equation 3.16, cannot be used
because the gas temperature and pressure vary in a cycle. The entropy change dS
in a volume of gas V at a pressure P can be expressed as,
dS =
cp
V
dV +
cv
P
dP (3.17)
where cp and cv are the specific heat of gas at constant pressure and volume res-
pectively. In an ideal adiabatic process the entropy produced is zero, so equation
3.17 can be written as,
(
∂V
∂P
)S = − 1
γ
V
P
(3.18)
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Figure 3.6: Phasor representation of thermodynamical components. (a) The
relationship between the mass flows at the two ends of the isothermal component.
The vertical phasor is perpendicular to pressure phasor P and represents the flow
buffered (compliance) in the gas volume V in the component. (b) The phasor
diagram representing an adiabatic component such as a pulse-tube in a pulse tube
cryocooler. The mass flow at the two ends of the component are related similar
to that of an isothermal component but using conservation of energy instead of
conservation of mass for isothermal components.
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where γ is the ratio of cp over cv. Equation 3.18 can be further written as
dV
dt
= − 1
γ
V
P
dP
dt
(3.19)
For an adiabatic component with volume Vpt equation 3.19 becomes
V˙c = V˙h +
1
γ
Vpt
P
P˙ (3.20)
where V˙c, V˙h are the volume flow at the cold and hot end respectively. The rela-
tionship between the hot and cold end mass flow in a pulse-tube can be written as
m˙c =
(
Th
Tc
)
m˙ht +
P˙Vpt
γRTc
(3.21)
where Th is the temperature at the pulse-tube warm end, Tc is the temperature at
the cold end, m˙ht is the mass flow at the pulse-tube warm end, Vpt is the volume of
the pulse-tube and γ is the ratio of specific heats. Note that the temperature used in
the last term is the temperature at the cold end and not the average temperature.
The phasor diagram representing the pulse-tube is shown in figure 3.6(c).
3.5 Phasor analysis of regenerator
In an optimized regenerator there must be very good heat exchange between
the gas and the material. At any cross-section in the regenerator the temperature
is assumed to be constant. However, the regenerator spans a large temperature
gradient along the length. To account for this large temperature gradient, average
temperature is used in equation 3.16 to relate the mass flow between the warm and
cold ends of the regenerator. The P˙ in equation 3.16 is related to the oscillating
pressure as,
P˙ = j2pifP (3.22)
where j is the imaginary unit and f is the frequency of operation. From equation
3.16 and 3.22 the relationship between mass flow at the warm m˙h and cold end
m˙c for a regenerator is given by,
m˙h = m˙c +
i2pifPVrg
RTa
(3.23)
The vertical phasor given by the second term increases proportionally with either
increase in gas volume Vrg or frequency f of operation. For a fixed m˙c ( both
magnitude and phase θ with respect to the pressure) m˙h increases when the com-
pliance term increases. Increase in mass flow has primarily two negative effects;
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One, for effective heat transfer with increased mass flow, we would need a lar-
ger heat exchanger resulting in an increase in the pressure drop and decreasing
the overall system efficiency. The second is that increased mass flow, increases the
volume-flow proportionally (for a fixed average pressure), leading to the require-
ment of larger compressor with higher swept volume. Both these effects decrease
the overall efficiency of the system. Hence, we would like to have very small gas
volume for a certain operating frequency, but with very effective heat exchange and
small pressure drop.
The optimum phase relationship between flow and pressure is that in which
the flow is in phase with the pressure at about the midpoint of the regenerator as
shown in figure 3.7 (a). With such a phase relationship the magnitude of flow at
each end is minimized for a given acoustic power at the coldend of the regenerator.
Note that the mass flow m˙ is not exactly in phase with pressure at the center of the
regenerator because viscosity is higher at higher temperatures so we like to keep
m˙h slightly small. Figure 3.7 (b), (c) shows the phasor diagram of the regenerator
with zero and positive phase of flow at the cold end with respect to pressure. The
mass flow at the warm end of the regenerator increases with more positive angle
without much increase in the acoustic power at the cold end leading to lower overall
efficiency. The phasor diagram represented by figure 3.7 (c) is typical for orifice type
of pulse-tube refrigerators [4] and is the reason for the use of inertance tubes in
modern pulse-tube coolers.
Radebaugh et al. [6] have performed REGEN simulations with varying phase
angle between pressure and flow at the cold end of the regenerator and their results
are shown in figure 3.8. The figure shows how regenerator losses vary with the phase
angle between flow and pressure at the cold end of the regenerator. The losses are
minimum when the flow lags the pressure by 300. Such a phase relationship is
easily achieved in a Stirling refrigerators by selecting the appropriate phase of the
displacer and in pulse-tube cryocooler, by an inertance tube at the warm end of
the pulse-tube [7].
3.5.1 Scaling of regenerative systems with cooling power
The magnitude of the mass flow at the cold end of the regenerator is propor-
tional to the cooling power, for a fixed average pressure, pressure ratio, cold end
temperature and the phase of flow with respect to pressure at the cold end (see
equation 3.7). In the next section, we will see that the specific area (ratio gas
cross-sectional area to massflow) is constant for an optimized regenerator under
certain operating conditions. Hence, the regenerator cross-sectional area is propor-
tional to the cooling power desired. The phasor diagram representing scaling of
the regenerator with cooling power is shown in figure 3.7 (a). The dotted phasor
diagram represents a scaled up regenerator operating under the same conditions
as the regenerator represented by the solid lines. It is significant to note that the
phase relationship between flows and pressure must be maintained in scaling the
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Figure 3.8: Regenerator losses associated with ineffectiveness and pressure drop
for various phase angles by which flow leads pressure. This plot is obtained from
Radebaugh et al. DIPTR, OPTR, BPTR refers to double inlet, orifice and basic
pulse-tube refrigerator respectively. [6]. Various losses in the regenerator can be
expressed as entropy flows. For an efficient regenerator the sum of entropy flow
losses should be minimum. [5]
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system.
3.6 Parameter Analysis
This section formulates various losses in the regenerator such as the pressure
drop ∆P , enthalpy flow H˙hx (inefficient heat transfer between gas and the ma-
terial), conduction losses along the length Q˙c and the acoustic power lost due to
the void volume W˙PV,loss, as a function of regenerator geometry and operational
parameters. These losses are expressed as fractional losses ∆PP1 ,
H˙hx
Q˙r
, Q˙c
Q˙r
,
W˙PV,loss
W˙PV,ideal
and the objective is to minimize the fractional losses because some of them conflict
with the others.
3.6.1 Pressure drop and enthalpy flow
The pressure drop ∆P of gas flow in a channel with gas cross-sectional area Ag
A.ng (A is the cross-sectional area and ng is the porosity), length L and hydraulic
diameter Dh
4Ag
O (O is the perimeter) is given by,
∆P = 2 · fr 1
ρ
(
m˙
Ag
)2
L
Dh
(3.24)
where fr is the Fanning friction factor, ρ is the average density of the gas and
m˙ is the mass flow rate of the gas. It should be noted that the mass flow in
the regenerator is an oscillating parameter with its average value equal to zero.
Steady flow correlations for the friction factor are normally used in the regenerator
optimization and in that case the root mean square value (amplitude/
√
2) of the
mass flow must be used. We refer to chapter 7 for a detailed study on the friction
factor correlations for a regenerator.
In the heat exchanger design, the pressure drop is often expressed by a non-
dimensional parameter, NPH (Number of Pressure Heads) and is given by [8],
NPH =
∆P
1
2ρ
(
m˙
Ag
)2 = fr LDh (3.25)
The ineffectiveness (1 − ) of the regenerator is defined as the ratio of the en-
thalpy flow H˙hx to the thermodynamically limited, maximum possible heat transfer
rate (Q˙max which is equal to average mass flow over a half cycle m˙ times the en-
thalpy change of the gas ∆h between the both ends of the regenerator),
1−  = H˙hx
m˙∆h
(3.26)
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The number of heat transfer units (NTU) is a non-dimensional expression that
is related to the heat exchanger’s, heat transfer size [9]. When the NTU is small
the exchanger effectiveness is low and when the NTU is large the effectiveness is
high, but the size of the heat exchangers also increases. Kays and London [9] give
a simplified expression relating NTU and ineffectiveness for a regenerator. They
show that the ineffectiveness of a regenerator is a function not only of NTU but
also of the heat capacity ratio between the matrix and the gas that passes through
the regenerator (see figure 3.9). However, for temperatures of 80 K and above the
volumetric heat capacity of nearly all matrix materials is much larger than that of
the helium gas. The relationship between ineffectiveness and the NTU can in that
case be written as,
1−  = H˙hx
m˙∆h
≈ B
NTU
(3.27)
where B is a constant that depends on the heat capacity of the regenerator, and
that of the warm and cold gas (see figure 3.9).
From equation 3.27, the NTU can be expressed in terms of H˙hx as,
NTU =
Bm˙∆h
H˙hx
(3.28)
Equation 3.25 and 3.28 describe the hydraulic and thermal performance of the
regenerator, respectively. However, these equations are not coupled to describe the
effects of both pressure drop and heat transfer in the regenerator. In order to
describe the combined effects of the pressure drop and heat transfer, Ruehlich et
al. [8] proposes to use the ratio of NPH to NTU. The NPH to NTU ratio with
Reynolds number Re for several geometries is shown in figure 3.10. This ratio does
not vary a lot with Reynolds number and is a characteristic of the geometry of the
regenerator material. The Reynolds number expresses non-dimensional flow and is
defined as,
Re =
(
m˙
Ag
)
Dh
µ
(3.29)
where µ is the viscosity of the gas. Note that the ratio of NPH to NTU is a very
weak function of Reynolds Number, Re.
Using the definition of NPH in equation 3.25, the NPH/NTU ratio can be
written as,
NPH
NTU
=
∆P
1
2ρ
(
m˙
Ag
)2
NTU
(3.30)
Rewriting the terms in equation 3.30, the specific area (ratio of gas cross-sectional
area to mass flow) Agm˙ is given by,
Ag
m˙
=
[(
NPH
NTU
)
NTU
2ρ∆P
] 1
2
(3.31)
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Figure 3.9: Heat transfer ineffectiness as a function of number of transfer
units and matrix capacity-rate ratio; periodic-flow exchanger performance for (a)
Cmin
Cmax
= 1(b)Cmin
Cmax
= 0.95 [9]. Cr is the heat capacity rate of the regenerator which
is equal to frequency times mass and specific heat of regenerator material. Cmax
and Cmin are the products of massflow of gas times the specific heat of warm or
cold gas whichever is maximum or minimum.
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Figure 3.10: The NPH/NTU for various geometries typically used in a regene-
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It is interesting to note that for a certain ∆P , equation 3.31 relates the specific
area to NTU. The higher the NTU required for the heat exchanger, the larger is
the specific area.
Using the definition of NTU from equation 3.28 and expressing the enthalpy
flow as a fractional loss of refrigeration power H˙hx
Q˙r
and pressure drop as a fractional
loss of pressure amplitude ∆PP1 the specific area in equation 3.31 becomes,
Ag
m˙
=
 (NPHNTU )T0∆hB
P0
2Tc
(
P1
P0
)2
cosφ
(
∆P
P1
)(
H˙hx
Q˙r
)

1
2
(3.32)
where T0 is mean temperature. For a certain operating condition of the regenerator,
it is interesting to note that the specific area should increase to keep the fractional
pressure drop and heat transfer losses low. However, we will later show that the
increase in specific area would increase the fractional conduction and void volume
losses.
3.6.2 Heat conduction
The primary source of heat conduction Q˙c in the regenerator is through the
regenerator material and is given by,
Q˙c =
As
L
∫
λdT =
(
1− ng
ng
)(
Ag
L
)∫
λdT (3.33)
where As is the solid cross-sectional area, L is the length, ng is the porosity of
the regenerator material and λ is the thermal conductivity of the material. The
thermal conductivity should be corrected to include the interfacial contact between
the regenerator material [10] (which is often lower than the solid material itself).
The fractional conduction loss is given by,
Q˙c
Q˙r
=
(
1− ng
ng
)(
Ag
m˙
)
1
L
∫
λdT
1
2RTc
(
P1
P0
)
cosφ
(3.34)
For a fixed length L, the fractional conduction loss increase with specific area. The
scaling of conduction losses contradict with the fractional pressure drop and heat
transfer losses with specific area.
3.6.3 Void-volume pressure loss
In order to formulate fractional void volume loss we refer to section 3.5 in which
we have shown that the optimum phasor relationship in the regenerator is to have
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pressure and mass flow to be in phase at the center of the regenerator (see figure
3.7). If there were to be zero gas volume the phase between pressure and mass
flow would be zero at the cold end of the regenerator and the PV power would be
maximum represented by W˙PV,ideal. However because of the gas volume Vrg in the
regenerator the mass flow phase at the cold end must lag the pressure by φ degrees.
The fractional PV power lost due to this phase shift can be expressed as,
W˙PV,loss
W˙PV,ideal
= 1− cosφc (3.35)
cosφc can be expressed in terms of the sides of the triangle formed by the mass
flow and half of the vertical phasor representing buffered flow inside the regenerator
volume (see figure 3.7),
W˙PV,loss
W˙PV,ideal
≈ 1−
[
1− 1
4
(
2pifP1Vrg
RTrm˙
)2] 12
(3.36)
assuming no pressure drop, m˙c = m˙h = m˙. Ignoring higher order terms and taking
Vrg = AgL equation 3.36 can be expressed as,
W˙PV,loss
W˙PV,ideal
≈ 1
8
(
2pifP1
RTr
)2(
Vrg
m˙
)2
=
1
8
(
2pifP1
RTr
)2(
Ag
m˙
)2
L2 (3.37)
It is significant to that in order to have lower fractional void volume losses, the
specific area and the length should be smaller which, is conflicting with the pressure
drop and heat transfer losses (specific area should be larger for lower losses) and
conduction loss (length should be larger for lower loss).
∝ (Agm˙ )α ∝ Lβ
Heat conduction Q˙c
Q˙r
1 -1
Void volume W˙PV,loss
W˙PV,ideal
2 2
Pressure drop ∆PP1 -2 1
Heat transfer H˙hx
Q˙r
0 -1
Table 3.1: Variation of fractional losses in the regenerator with specific area
and length of the regenerator
3.6.4 Summary of losses
Table 3.1 shows the order with which various losses scale with specific area and
length of the regenerator. Note that the product of pressure drop and enthalpy flow
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loss is independent of the length and varies as a power of -0.5 with specific area.
Figure 3.11 gives a graphical view of the losses with specific area of the regenerator.
The plot indicates that there is an optimum specific area resulting from the trade
off between heat conduction, enthalpy flow, pressure drop and void volume losses.
Figure 3.12 gives a graphical view of the losses with length of the regenerator.
The plot indicates that there is an optimum length resulting from the trade off
between heat conduction and void volume losses. Another parameter of interest is
the hydraulic diameter of the regenerator material.
3.6.5 Hydraulic diameter
For a fully developed laminar flow, the friction factor fr in equation 3.24 is
expressed as,
fr =
C
Re
(3.38)
where C is the coefficient of friction and is a constant for a cross-sectional geometry
(see chapter 6). Expressing the ratio of NPH (second term in equation 3.25) to NTU
(equation 3.28) and inserting fr from 3.38, Re from equation 3.29, L from equation
3.34, and Agm˙ from equation 3.32, the hydraulic diameter becomes,
Dh =
 CµT0
(
1−ng
ng
) ∫
λdT
P0
2Tc
(
P1
P0
)2
cosφ
(
∆P
P1
)(
Q˙c
Q˙r
)

1
2
(3.39)
It is significant to note that the hydraulic diameter does not depend on the heat
transfer losses or the frequency of operation. However, the hydraulic diameter varies
inversely with fractional pressure drop and conduction losses.
3.6.6 Frequency effects
As discussed in section 3.5, increasing the frequency of operation would increase
the losses in the regenerator (both pressure drop and heat transfer) due to increase
in mass flow at the warm end of the regenerator for the same acoustic power at
the cold end. The void volume losses given by equation 3.37 suggest that the ratio
of volume of the regenerator Vrg to mass flow m˙ should decrease if the frequency
increases in order to have a reasonable value of void volume loss.
The ratio Vrgm˙ can be obtained by multiplying the specific area (from equation
3.32) and length (from equation 3.34) and is given by,
Vrg
m˙
=
Ag
m˙
L =
(
NPH
NTU
) ( 1−ng
ng
)
T0∆hB
∫
λdT
P0
2 P1
P0
3
(cos2φ)Tc2 12R
(
∆P
P1
)(
H˙hx
Q˙r
)(
Q˙c
Q˙r
) (3.40)
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It is significant to note that the volume of the regenerator Vrg can be reduced by
increasing the average pressure P0 or the ratio P1P0 , with the fraction pressure drop
and heat transfer losses unchanged. The ratio P1P0 is related to the pressure ratio Pr
as,
P1
P0
=
Pr − 1
Pr + 1
(3.41)
In practical Stirling cryocoolers the pressure ratio Pr is limited to values less than
1.5. Hence, the average pressure P0 has to be increased to efficiently operate the
regenerator at higher frequencies. Decreasing the volume of the regenerator would
increase the enthalpy flow losses because the heat transfer area would decrease. The
heat Q˙conv transferred to the gas from the material with a temperature difference
∆T is given by,
Q˙conv = h.Aw.∆T (3.42)
where Aw is the heat transfer area between gas and solid and h is the heat transfer
coefficient. The Nusselt number Nu is a non-dimensional number related to the
heat transfer effectiveness of the geometry and is related to h as,
Nu =
hDh
λg
(3.43)
where λg is the thermal conductivity of the gas. The hydraulic diameter Dh is
related to the heat transfer area Aw and gas volume Vg as,
Dh =
4Vg
Aw
(3.44)
Replacing h and Aw in equation 3.42 with definitions from equations 3.43 and 3.44
results in,
˙Qconv = 4Nuλg
Vg
D2h
∆T (3.45)
Equation 3.45 suggests that for a certain quantity of heat flow and geometry fixed
(Nusselt number depends on the geometry such as screen, sphere etc.), the hydraulic
diameter Dh varies with gas volume Vg as Dh ∝
√
Vg. Hence, in order to decrease
the gas volume, the hydraulic diameter should also be decreased. To conclude, for
efficient high frequency operation of the regenerator, the average pressure should
increase and a smaller hydraulic diameter regenerator material should be used, as
suggested by Radebaugh and O’Gallagher [11].
3.7 Numerical optimization of the regenerator
The phasor and parameter analysis described in the previous sections provide
a useful insight into the influence of various parameters on the performance of the
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Figure 3.13: Typical output graphs from REGEN3.2 simulations. (a) Conser-
vation of energy in a regenerator. The total energy should be equal to the sum of
the heat conduction and the enthalpy flow. From this plot the convergence of the
numerical solution can be seen. (b) The PV or indicator diagram at the warm
and cold ends of the regenerator. The area of the PV diagram at the cold end is
smaller than the warm end due to reduced volume with temperature. The plot also
shows the PV diagram at the warm end with pressure drop in the regenerator.
(c) The instantaneous temperature of the gas and the material at the cold end of
the regenerator. (d) The temperature profile of the gas and the material along the
length of the regenerator. Note that the two lines overlap in the figure. From (b),
(c) and (d) decision on specific area, hydraulic diameter and length can be made
on the subsequent runs to accommodate more pressure drop or heat exchange.
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regenerator. To have a simple formulation, the properties of materials and fluid
such as specific heat capacity cp, thermal conductivity λ, density ρ, viscosity µ
were taken to be constant in the parameter analysis. In practice, the regenera-
tor spans a large temperature gradient between the cold end (typically about 80
K) and the warm end (about 300 K). The material and fluid properties are very
strong functions of temperature [12, 13]. The friction factor and heat transfer data
are strong functions of Reynolds number which depends on the fluid properties.
Numerical tools such as REGEN3.2 [2, 14] developed at the National Institute of
Standards and Technologies, SAGE [15], DELTAE [16], solve simultaneously the
conservation equations for the regenerator [17], taking into account the fluid pro-
perties. We have used REGEN3.2 for numerical modeling of the regenerator. In
REGEN 3.2, the mass flow at the cold end and its phase with respect to the pres-
sure at the cold end are input parameters, along with the desired average pressure,
pressure ratio at the cold end of the regenerator, frequency, and the geometrical
parameters of the regenerator matrix (porosity, hydraulic diameter and the type
of the matrix). The program finds the solution to the conservation equations that
satisfies the input conditions. The mass flow at the warm end (both magnitude and
phase) is calculated by the model. Losses associated with regenerator ineffectiveness
(enthalpy flow), conduction through the matrix, and pressure drop are calculated
by the model. Conduction loss through the tube wall containing the regenerator
material is calculated separately. The conduction loss along the regenerator tube
wall of cross-sectional area Awall is given by,
Q˙c,wall =
Awall
L
∫
λdT (3.46)
The wall area Awall is approximately equal to piDregtreg, when the tube diameter
Dreg is much larger than wall thickness treg. A small wall thickness is required to
limit the conduction loss. However, the minimum wall thickness depends on the
maximum tensile strength of the material σmax and the tube dimensions and is
given by
σmax =
PmaxDreg
2treg
(3.47)
where Pmax is the maximum pressure in the regenerator. A mechanical safety factor
is normally used for the tensile strength of the material. Equation 3.47 indicates
that the wall thickness treg is proportional to the regenerator diameterDreg. So, the
wall area Awall ∝ D2reg ∝ As ∝ Ag. Hence, the wall conduction losses scale similar
to the conduction heat flux through the regenerator material given by equation
3.33.
Some of the graphical output from a typical REGEN3.2 run is shown in figure
3.13. These plots are helpful in making choices of parameters for further runs. The
convergence of a particular run was determined from the conservation of energy
across the cross-section of the regenerator which, is shown in figure 3.13a. To sa-
tisfy, the first law of thermodynamics for open systems [18], the energy flow at any
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cross-section of the regenerator must be equal to the sum of enthalpy flow and heat
conduction (there is no work done or heat input from the surroundings). Figure
3.13 b is the PV diagram or the so-called indicator diagram for a gas volume at
the cold end and warm end of the regenerator. In the same figure the PV diagram
of a gas parcel including the pressure drop is shown. From the difference in PV
area of the gas volume with and without pressure drop at the warm end of the
regenerator a qualitative measure of the pressure drop can be ascertained. Figure
3.13c is the trace (instantaneous) of the gas and material temperature at the cold
end of the regenerator. Figure 3.13d is the plot of gas and material temperature
along the length of the regenerator. From the instantaneous and steady gas tem-
perature plots, a qualitative measure of the ineffectiveness of heat transfer can be
ascertained. If the temperature difference between the gas and the material is large,
the next subsequent run could be with a smaller hydraulic diameter regenerator
material (better heat transfer, but larger pressure drop). On the other hand, if
the temperature difference is rather small but the difference in PV area with and
without pressure drop is large a larger hydraulic diameter could be used in the
subsequent run (smaller pressure drop, but worse heat transfer).
Figure 3.14 shows the coefficient of performance, COP (ratio of net refrigeration
power to input PV power at the warm end) for an example regenerator optimization
for several REGEN3.2 runs. The corresponding data is shown in table 3.2. The
regenerator geometry used is that of stainless steel screen with the cold end at 80
K and the warm end at 300 K. The average pressure, pressure ratio at the cold end
and the frequency of operation was 3.5 MPa, 1.3 and 120 Hz respectively. The flow
at the cold end lags the pressure by 30 deg. The frequency, average pressure, and
pressure ratio were kept constant for all the runs. Several runs of REGEN3.2 were
carried out while varying the specific area (ratio of regenerator gas cross-sectional
area to mass flow at the cold end), length of the regenerator and the hydraulic
diameter of the matrix. For the above operating conditions, the COP is found to
be maximum for a specific area of 0.054 m2.s/kg, length of 30 mm and hydraulic
diameter of about 35 µm.
Optimum length
There is an optimum regenerator length for certain operating conditions for a
fixed hydraulic diameter. Figure 3.14 shows the REGEN3.2 runs for various lengths
of the regenerator and the optimum length was about 30 mm. The optimum length
of the regenerator can be explained from the trade off between the conduction and
void volume losses in the regenerator which are both functions of length. For a
fixed specific area, the relative conduction losses decrease (see equation 3.34) and
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the relative void volume losses increase (see equation 3.37) with increase in length
and vice versa.
Optimum hydraulic diameter
Similar to the length, there is an optimum hydraulic diameter of the material.
Figure 3.14 shows the REGEN3.2 runs for various hydraulic diameter and the
optimum was about 30 µm. The optimum hydraulic diameter of the regenerator
can be explained from the trade off between the pressure drop losses and void
volume losses. If the hydraulic diameter is made smaller the pressure drop losses
increase (see equation 3.39). If the hydraulic diameter is very large, to transfer
a quantity of heat for regeneration the volume of the regenerator increases (heat
transfer area decreases with larger hydraulic diameter, to compensate for this, we
have to use more regenerative material). Increase in volume of the regenerator
would increase the void volume losses.
Optimum specific area
The REGEN3.2 runs also suggest that there is an optimum specific area for a
given set of input parameters. The optimum specific area is because of the trade
off between pressure drop, enthalpy flow, conduction and void volume losses. For
smaller specific areas the pressure drop and enthalpy flow losses increase (see equa-
tion 3.32). If the specific area is large, conduction and void volume losses increase
(see equation 3.34 and 3.37). The optimum specific area is an important parame-
ter because it determines the diameter of the regenerator for a certain mass flow
(cooling power is proportional to mass flow).
3.8 Conclusions
In this chapter, phasor analysis for oscillating systems was introduced and was
used to represent the oscillating flow and pressure of the regenerator. Phasor analy-
sis provides powerful insight into the influence of various parameters on the perfor-
mance of the regenerator. The optimum phase angle for a regenerator is to have the
mass flow in phase with pressure at the center of the regenerator. Pressure drop,
enthalpy flow (inefficient heat transfer), conduction and void volume losses were
derived as function of operating and geometrical parameters of the regenerator.
Although graphical and parameter analysis provide useful inputs, the final design
of the regenerator relies on numerical tools which solve the conservation equations
for energy, momentum and mass simultaneously. For a set of input parameters for
the regenerator (average pressure, pressure ratio, frequency, phase angle at the cold
end of the regenerator) the following conclusions can be made:
1. There exists an optimum specific area (gas cross-sectional area to mass flow
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at the cold end of the regenerator). For values smaller than the optimum
specific area the pressure drop and enthalpy flow losses dominate and for va-
lues greater than the optimum specific area, the void volume and conduction
losses dominate.
2. There exists an optimum length of the regenerator. For values of length smal-
ler than the optimum the conduction losses dominate and for larger lengths
the pressure drop and void volume losses dominate.
3. The hydraulic diameter of the regenerator material has an optimum value.
For lower hydraulic diameters the pressure drop losses dominate and for lar-
ger hydraulic diameters the void volume losses dominate and viceversa for
enthalpy flow losses.
Conclusion on high frequency regenerator operation
Operating the regenerator at a frequency higher than the designed value would
increase the losses in the regenerator due to increase in mass flow without any
increase in the acoustic power (hence refrigeration power). The increase in mass
flow is because of the increase in the buffered mass flow (similar to a capacitor
in electrical systems) at higher frequency which is proportional to the product of
frequency and regenerator gas volume. High frequency operation of the regenerator
is possible by decreasing the gas volume. It was shown from parameter analysis
that the average pressure should increase in order to decrease the gas volume. A
second effect of decreasing the volume of the regenerator is the decrease in heat
transfer area. In order to increase the heat transfer at smaller volumes the hydraulic
diameter of the regenerator material must be made smaller. Hence, efficient high
frequency operation of the regenerator is possible by increasing the average pressure
and to use a smaller hydraulic diameter regenerator material.
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Chapter 4
Systematic design of a
Pulse-tube Refrigerator
The design of a pulse-tube refrigerator (PTR) combines the numerical optimization of the
regenerator and few rules of thumb obtained from experiments and investigations. In this
chapter a systematic design procedure of a pulse-tube refrigerator is given with some prac-
tical issues if not implemented may prove detrimental to the efficient operation of the refri-
gerator.
4.1 Introduction
The schematic of a pulse-tube refrigerator (PTR) is shown in figure 4.1. The
function of the regenerator is the same as in Stirling and GM refrigerators in that
it precools the incoming high pressure gas before it reaches the cold end. The
function of the pulse-tube is to insulate the processes at its two ends. So it must
be large enough that the gas flowing from the warm end traverses only part way
Figure 4.1: Schematic of a pulse-tube refrigerator
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through the pulse-tube before flow is reversed. Likewise, flow in from the cold end
should never reach the warm end. Gas in the middle portion of the pulse-tube
never leaves the pulse-tube and forms a temperature gradient that insulates the
two ends. For this gas plug to effectively insulate the two ends of the pulse-tube,
turbulence in the pulse-tube must be minimized. Thus, flow straightening at the
two ends is crucial to the successful operation of the pulse-tube refrigerator. The
heat exchangers are the only places where heat is exchanged between the working
gas and the environment. The inertance tube is used to have proper phase of mass
flow with respect to pressure in the regenerator. Helium is almost always used as
the working fluid in the regenerative cycles because of its ideal gas properties, high
thermal conductivity and high ratio of specific heats.
The pulse-tube cryocooler is theoretically inefficient compared to a displacer
type of Stirling cooler because work obtained during the cooling process is not
recovered and is rejected as heat at the warm end of the pulse-tube. The COP of
an ideal pulse-tube refrigerator COPptr is given by,
COPptr =
Q˙r
W˙PV,w
=
W˙PV,c
W˙PV,w
=
Tc
Tw
(4.1)
where Q˙r, W˙PV,c, W˙PV,w is the gross refrigeration power, PV power at the cold
end and warm end respectively. The relationship between W˙PV,c, W˙PV,w was given
in the previous chapter (equation 3.8).
For a PTR operating between 300 K and 290 K (near ambient temperature)
the COPptr is equal to 0.96 whereas the Carnot COP is (equation 3.10) is equal to
29. Hence the PTR is very inefficient near ambient temperature. However, a PTR
operating between 300 K and 80 K has a COPptr equal to 0.26 whereas the Carnot
COP equals 0.36. Hence, PTR’s are used only at cryogenic temperatures. Practical
PTR’s have efficiencies in the range of 10 to 20 % of Carnot which is almost as
good as a practical displacer type Stirling cooler [1]. The advantage of pulse-tube
refrigerator over Stirling cooler are given in chapter 1.
This chapter describes a systematic design procedure of a PTR operating around
80 K. The regenerator is the most critical component of the PTR and the optimi-
zation procedure described in chapter 3 will be used. The pulse-tube dimensions
are determined from rules of thumb which, evolved from rigorous experimentation.
Inertance tube and reservoir are optimized based on the transmission line model
for electrical systems with mass flow, pressure analogous to current and voltage
[2, 3]. Practical aspects in the design of a PTR are briefly discussed in this chap-
ter. Finally, the constraints and challenges in the miniaturization of the PTR are
presented.
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Figure 4.2: Phasor representation of a pulse-tube cryocooler with an inertance
tube
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4.2 Phasor representation of PTR
In this section, a simple approach to calculate the mass flows at various sections
in the PTR is discussed. The amplitude and phase of flow are important parameters
in the design of heat exchangers and in determining the choice of compressor and
the phase shifting component such as an inertance tube.
Figure 4.2 shows a phasor diagram representing oscillating pressure and mass
flow in the various components of a pulse-tube refrigerator. The pressure at the cold
end of the regenerator is taken as the reference phasor. The pressure drop in all the
components is neglected for simplicity. The mass flow (magnitude and phase) at
the cold end m˙c and that at the warm end m˙w of the regenerator are outputs from
the REGEN3.2 optimization run. From the volume of the aftercooler Va and the
transferline Vtr, the vertical phasor representing flow buffered into these volumes
is calculated. From the vertical phasors, the mass flows at the aftercooler m˙a and
in the transfer line m˙tr is determined. Similarly, the mass flow in the cold heat
exchanger m˙chx is determined. The vertical phasor in the pulse-tube is calculated
from the volume of the pulse-tube Vpt and the heat capacity ratio of the gas γ. Note
that the temperature used in the calculation is the cold temperature Tc. From the
vertical phasor and the warm temperature to cold temperature ratio the mass flow
in the warm heat exchanger is determined m˙whx (see figure 4.2). The mass flow
into the inertance tube m˙i, is determined similar to the heat exchangers.
4.3 Design procedure
The design procedure described in this section assumes cylindrical cross-section
of the regenerator, pulse-tube, heat exchangers and the inertance tube. The refri-
geration power Q˙r,net at cold temperature Tc and the warm temperature Tw for
heat rejection are often the design requirements of a pulse-tube refrigerator. The
warm temperature Tw is usually ambient temperature. There could be practical
constraints such as the size of the cold head, frequency of operation, maximum
average pressure and pressure ratio. The last three parameters are very much de-
pendent on the availability of the pressure oscillator which, can operate efficiency
under those conditions. The systematic design procedure described in this section
is valid only for a cold temperature about 80 K. Because below temperatures of
80 K the material properties vary significantly and the losses do not scale pro-
portionately. A multistage PTR is often used to reach temperatures of 4 K and
lower.
The design procedure is schematically shown in figure 4.3. Based on the above
mentioned input parameters the dimensions of the various PTR elements are deter-
mined. All symbols used in the diagram of figure 4.3 were defined before and/or are
defined in following sections. Furthermore, the symbols and the separate routines
will be discussed in more detail in the next subsections.
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Figure 4.3: Diagram representing sequential design of a PTR.
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4.3.1 Regenerator Optimization
The input parameters for the optimization of the regenerator are as follows:
1. The average pressure P0, pressure ratio Pr, and frequency of operation f
which, are determined from the operational constraints of the compressor
and/or other practical constraints.
2. Temperatures at the cold end Tc and warm end Tw of the regenerator.
3. The hydraulic diameter Dh and porosity ng of the regenerator material.
It is interesting to note that the regenerator optimization does not need refrigeration
power and diameter of the regenerator as an input. The parameter of interest is
the specific area which is a ratio of the gas cross-sectional area to mass flow at
the cold end. However, in a numerical simulation model such as REGEN3.2, we
need to provide dimensions of the regenerator as an input parameter. Hence the
diameter and mass flow are chosen randomly so as to vary the specific area. Once
the optimum specific area is determined (as for instance shown in figure 3.12) the
regenerator is scaled depending on the requirements of the cooling power. The
output from the optimized REGEN3.2 run consist of parameters that do not scale
with refrigeration power and the rest that scale with refrigeration power which, are
indicated by a ’*’ superscript. Some of the output parameters from the numerical
optimization are,
1. Specific area Agm˙ , length of the regenerator Lreg and the phase between flow
and pressure at the cold end of the regenerator φc.
2. The gross refrigeration power Q˙∗r , the net refrigeration power Q˙
∗
r,net , swept
volume at the cold end of the regenerator V ∗swept,c, acoustic power at the cold
end W˙ ∗PV,c and mass flow at the aftercooler m˙
∗
a.
4.3.2 Regenerator sizing
From the optimized output of REGEN3.2 runs and the desired refrigeration po-
wer, the dimensions of the regenerator are calculated. Since the parameters V ∗swept,c,
W˙ ∗PV,c, Q˙
∗
r , Q˙
∗
w and Q˙
∗
r,net are proportional with the refrigeration power Q˙r,net, the
scaled values of these parameters are given by,
Vswept,c =
Q˙r,net
Q˙∗r,net
V ∗swept,c (4.2)
W˙PV,c =
Q˙r,net
Q˙∗r,net
W˙ ∗PV,c (4.3)
m˙a =
Q˙r,net
Q˙∗r,net
m˙∗a (4.4)
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Q˙r =
Q˙r,net
Q˙∗r,net
Q˙∗r (4.5)
The swept volume at the cold end Vswept,c is used in the calculation of the pulse-
tube volume. The acoustic power at the cold end W˙PV,c is required for calculation
of inertance tube dimensions. The mass flow at the aftercooler m˙a is required for
designing the aftercooler. From the gross refrigeration power Q˙r, the mass flow at
the cold end of the regenerator m˙c is calculated using the equation for the cooling
power (see chapter 2 equation 1.4), repeated here for completeness,
Q˙r =
1
2
P1m˙c
RTc
P0
cosφc (4.6)
where φc is obtained from the REGEN3.2 optimization. The gas cross-sectional
area of the regenerator Ag is calculated from the optimum specific area (output of
REGEN3.2 run) and the mass flow m˙c. The diameter of the regenerator Dreg is cal-
culated from the gas cross-sectional area Ag and the porosity ng of the regenerator
material and is given by,
Dreg =
√
4Ag
ping
(4.7)
The wall thickness treg of the regenerator tube is calculated from the maximum
tensile strength of the material σmax (including a safety margin) which, is given
by,
σmax =
PmaxDreg
2treg
(4.8)
where Pmax is the maximum pressure in the regenerator tube. The maximum pres-
sure Pmax in the regenerator is at the warm end of the regenerator. Pmax is equal
to the sum of the average pressure P0 and the amplitude of the dynamic pressure
P1. The amplitude of the dynamic pressure P1 is calculated from the pressure ratio
Pr and the average pressure P0 and is given by,
P1 = P0
Pr − 1
Pr + 1
(4.9)
Stainless steel with a yield strength of 250 MPa [4] is normally used for the re-
generator tubing. The conduction losses across the regenerator wall is proportional
to the thickness of the tubing. Using, titanium with a yield strength of 830MPa [4]
and comparable thermal conductivity, the thickness of the tubing can be reduced
by about a factor of 3, but titanium is a more expensive material. The diameter
Dreg, length Lreg and thickness of the wall treg completely define the regenerator
geometry.
The material that is typically used for the regenerator is wire mesh screens which
are commercially designated with a number. This number represents the number of
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wires in an inch. For example #400 mesh screen has 400 wires in an inch. Chapter 6
explains in detail the equations for calculating the hydraulic diameter and porosity
of the screen. An experimental comparison of various screen materials (stainless
steel, phosphor bronze) based on the losses in the regenerator was discussed by
Lewis and Radebaugh [5] and they concluded that stainless steel material was a
good choice. The choice of the regenerator mesh screen is then made from the
optimum hydraulic diameter and porosity calculated from REGEN3.2.
4.3.3 Pulse-tube design
The pulse-tube also known as thermal buffer tube, isolates the cold end of
the regenerator from the warm end of the phase shifting component (inertance
tube). Ideally, the processes in the pulse-tube is adiabatic (thermally isolated). For
adiabatic conditions in the pulse-tube, the tube radius must be large (by one order)
compared to the thermal penetration depth δth in the helium gas which is given
by,
δth =
√
λ
pifρcp
(4.10)
where λ is the thermal conductivity of the gas, f is the frequency of operation, ρ
is the density of the gas and cp is the specific heat capacity of gas. As a rule of
thumb the diameter Dpt should be greater than 20 times δth.
In the PTR, part of the gas in the pulse-tube traverses into the cold heat
exchanger and another part of the gas into the warm heat exchanger located near
the inertance tube. In order to isolate the cold and warm parts of the pulse-tube,
the volume of the pulse-tube must be chosen such that it is larger than the swept
volume of the gas in the cycle, so that the cold gas does not arrive at the warmer
parts of the tube and vice versa. As a rule of thumb, the volume of the pulse-tube
is taken to be about three times the swept volume of the gas at the cold end of the
regenerator (output from REGEN3.2 run) [6]. From the above two rules of thumb,
the length Lpt and the diameter Dpt of the pulse-tube are calculated. The thickness
of the pulse-tube wall tpt is calculated from the maximum stress σmax, maximum
pressure and diameter of the tube which is similar to the calculations discussed
above for the regenerator. The diameter Dpt, length Lpt and wall thickness tpt
completely define the dimensions of the pulse-tube.
4.3.4 Inertance tube design
A relatively new passive flow element, known as the inertance tube, utilizes the
inertia of the oscillating flow to bring about a shift in the phase between the flow
and the pressure. The location of this inertance tube is shown in figure 4.1. In
order to achieve the optimum phase angle of flow lagging pressure by about 300.
at the cold end means that the inertance tube will need to lag the flow at its inlet
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Figure 4.4: Maximum phase shift in inertance tubes optimized for a given acous-
tic power [8].
by about 600 to accommodate the change in phase through the pule tube. Such
a large phase shift produces a large magnitude of flow for a given acoustic power
flow (projection of the flow phasor on the pressure phasor in figure 4.2). However,
because the pulse-tube is an open tube, large flows there do not contribute to large
loss. For small pulse-tube refrigerators where the mass flow in the inertance tube
is small, the phase shift may be only a few degrees [8, 9]. Figure 4.4 shows the
maximum phase shift produced by an optimized inertance tube as a function of
acoustic power. For decreasing acoustic powers the phase shift decreases. In the
120 Hz pulse-tube refrigerator, described in the next chapter, the flow was taken in
phase with pressure at the cold end because the maximum phase shift that could be
obtained from the inertance tube at the warm end of the pulse-tube for an acoustic
power of about 10 W was about 300.
4.3.5 Heat exchanger design
The heat exchanger design is based on classical models [7] in which, a choice of
dimensions has to be made based on the trade off between the efficient heat transfer
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and pressure drop. The gas volume should be kept to a minimum to reduce void
volume losses. The design is similar to the regenerator design with the exceptions,
that the temperature of the material along the length is uniform and the heat capa-
city of the material is less important. The heat exchangers are normally embedded
in the regenerator and the pulse-tube as shown in figure 4.2. Hence, the diameter
of the heat exchangers are determined by the regenerator and pulse-tube diameter.
Conventionally, copper (Cu) wire mesh screen is used as heat exchanger geometry.
Finally, the length of the heat exchanger is determined from the numerical model.
4.4 Practical aspects
In a practical PTR, the pulse-tube does not always have the same diameter
as the regenerator. Because of the difference in the diameter the flow entering
or leaving the connecting part can create turbulence in the pulse-tube. Turbulent
increases the loss in the pulse-tube. The turbulence can be avoided by placing flow
straightners (made of wire screens or sintered material) at the cold and warm end
of the pulse-tube [10].
The flow velocities at the entrance to the inertance tube are very high because
of smaller cross-sectional diameter of the inertance tube compared to the pulse-
tube. An abrupt change in cross-sectional area will create turbulence in the flow.
The subsequent turbulent flow will have two consequences: first, it will increase
the resistance to flow in the inertance tube and second, it will lead to mixing of
fluid at the pulse-tube warm end. The second effect will increase the losses in the
pulse-tube and will reduce the cooling power. To overcome this rapid change in
velocity, the connecting flange between the pulse-tube and inertance tube should
be gradually tapered as shown in figure 4.1.
4.5 Miniaturization
The pulse-tube refrigerator is a good candidate for micro miniaturization be-
cause it does not have any moving parts in the cold stage of the refrigerator (namely
regenerator, pulse-tube). However, for a certain operating frequency of the refrige-
rator, the minimum size of the pulse-tube refrigerator is determined by the lateral
dimensions of the pulse-tube (for a circular tube it is the diameter). As discussed in
the section 4.3 on the pulse-tube design, the diameter of the tube must be about an
order greater than the penetration depth of the gas. The thermal penetration depth
varies with frequency as δth ∝ 1/
√
f , hence increasing the frequency of operation
of the refrigerator would enable decreasing the size (diameter) of the pulse-tube.
Increasing the frequency of operation of the PTR would have implications on the
design of regenerator as discussed in chapter 2. For efficient operation of the rege-
nerator at high frequency, the filling pressure must increase and a smaller hydraulic
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diameter regenerator material must be used.
4.6 Conclusions
The design of a pulse-tube refrigerator follows from the numerical optimization
procedure of the regenerator. The actual size of the refrigerator depends on the de-
sired refrigeration power at a given operating frequency. Extensive experiments and
investigations by researchers lead to rules of thumb for determining the dimensions
of the pulse-tube. The inertance tube is determined from transmission line models.
Miniaturization of pulse-tube refrigerators implies high operating frequencies in
order to have adiabatic condition in the smaller pulse-tubes.
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Chapter 5
120 Hz Pulse-tube
Cryocooler
We report on the efficient operation of a pulse-tube cryocooler at 120 Hz with an average
pressure of 3.5 MPa. A no-load temperature of 49.9 K was achieved. This is the first time
such low temperatures have been achieved for operating frequencies above 100 Hz. The
net refrigeration power at 80 K was 3.37 W. The input acoustic power at the aftercooler was
66.0 W, which yields a cooler efficiency of 14.0 % of Carnot with an aftercooler temperature
of 298.7 K. The background loss consisting of heat conduction and radiation, was about
0.93 W. A numerical model was used to optimize the dimensions of the regenerator, which
used #635 mesh stainless steel screen. The cryocooler size is reduced at high frequencies
and high pressures for a given input acoustic power, which is important to many applications
and can enable development of microcryocoolers for MEMS applications. The cryocooler
cooled from room temperature to 80 K in 5.5 minutes. The fast cooldown is the combined
result of the small regenerator volume and the large cooling power.
5.1 Advantages of high-frequency operation
The size of Stirling-type pulse-tube cryocoolers is dominated by the size of the
pressure oscillator. Typically, such coolers operate at about 60 Hz for cold-end
temperatures of about 80 K. The acoustic power (see equation 3.5) delivered by
the pressure oscillator is given by (repeated here for completeness),
W˙PV =
1
2
P1V˙1cosφ (5.1)
The amplitude of the volume flow rate V˙1 is related to the volume amplitude V1
by,
V˙1 = j2pifV1 (5.2)
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The PV power then becomes,
W˙PV = pifV1P0
(
P1
P0
)
cosφ (5.3)
The ratio of P1 to P0 is related to the pressure ratio by,
P1
P0
=
Pr − 1
Pr + 1
(5.4)
so the PV power can be written as,
W˙PV = pifV1P0
Pr − 1
Pr + 1
cosφ (5.5)
From equation 5.5, we can see that, for a certain PV power delivered by the com-
pressor, the volume amplitude V1 can be reduced by increasing the frequency. The
size of the compressor is usually a function of the swept volume and hence increasing
the frequency of operation would reduce the size of the compressor.
The size of the pulse-tube and regenerator would also be reduced at higher
frequencies for a given cooling power because the swept volume at the cold end is
reduced (see equation 5.1 and 5.2), enabling the use of pulse-tubes in military infra-
red applications, in which dewars for the infrared sensors were originally designed
for the small cold-finger diameter of Stirling coolers. Reduction in size and mass
is a huge advantage for portable and space applications. The high cooling power
density in the small cold finger also leads to a very fast cooldown time, which is an
added advantage. However, simply increasing the frequency in a cryocooler desi-
gned for 60 Hz operation will lead to higher regenerator losses as shown in chapter
3. Radebaugh and O’Gallagher [1] have shown that by the right combination of
regenerator geometry and higher pressures, operating frequencies as high as 1 kHz
could be used while maintaining high efficiency. Recently, researchers from the Chi-
nese Academy of Sciences in Beijing reported achieving a temperature of about 70
K at a frequency of 300 Hz and a pressure of 4.13 MPa [2]. In this chapter we present
experimental verification of the theoretical predictions in chapter 3 for a pulse-tube
cryocooler operating at 120 Hz. The frequency which is twice the line frequency (60
Hz) was chosen randomly. This frequency is higher than the resonance frequency
of commercially available linear compressors, so at this time we focus only on the
efficiency of the cold head. The inline type of pulse-tube configuration was chosen
for easy instrumentation.
5.2 Design
The design of a 120 Hz inline pulse-tube refrigeration follows from the systematic
design procedure described in the previous chapter.
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Figure 5.1: Optimization results with REGEN3.2 assuming φc = 0 and including
conduction in the regenerator tube wall.
5.2.1 REGEN3.2 calculations
Optimization of the regenerator for 120 Hz operation was carried out with
REGEN3.2. In chapter 3, (section 3.5), we have noticed that in order to efficiently
operate the regenerator at high frequency, the average pressure should increase
and the hydraulic diameter of the regenerator material must be made smaller.
Conventional Stirling type refrigerators operate at a frequency of about 60 Hz with
an average pressure of 2.5 MPa and a pressure ratio of 1.3, using a #400 mesh
stainless steel screen (see table 5.1). For the 120 Hz operation of the refrigerator,
we have chosen an average pressure of 3.5 MPa and a pressure ratio of 1.3 at
the cold end, because of the current limitations of commercially available pressure
oscillators [3]. For the regenerator matrix, #635 mesh screen (see table 5.1) was
used because it was the finest (smallest hydraulic diameter) commercially available
screen. In chapter 4 section 4.3.4, we have noticed that for small (low acoustic
power) pulse-tube refrigerators it was not feasible to have very large phase shift
between flow and pressure with an inertance tube. Typically a well optimized large
(high acoustic power) regenerator has a phase of flow lagging pressure at the cold
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Mesh Wire dia. Opening Spacing Porosity a Hydr. Dia.
(µm) (µm) (µm) (µm)
635 20.3 19.7 40.0 0.6010 30.6
500 19.8 31.0 50.8 0.6939 44.88
500 25.4 25.4 50.8 0.6073 39.28
400 25.4 38.1 63.5 0.6858 55.44
325 35.6 43.2 78.2 0.6425 63.98
250 40.6 61.0 101.6 0.6861 88.74
200 53.3 73.7 127.0 0.6704 108.41
Table 5.1: Commercially available wire mesh screen characteristics.
a 1− ng = pi4 ds , where d: wire dia. ; s: spacing
end by 300. In our design, the flow was taken to be in phase with pressure. The
cold and warm end temperatures of the regenerator were taken to be 80 K and 300
K, respectively.
For the REGEN runs, the frequency, average pressure, and pressure ratio were
kept constant. Several runs of REGEN3.2 were carried out while varying the ratio
of regenerator gas cross-sectional area to mass flow at the cold end, to find the
optimum geometry under the operating conditions discussed above. A loss asso-
ciated with the expansion process (pulse-tube) was taken to be 20 % of the gross
refrigeration power. The resulting coefficient of performance, COP (ratio of net re-
frigeration power to input PV power at the warm end) is shown in figure 5.1. The
maximum COP is for the area-to-flow ratio (specific area) of about 0.053 m2.s/kg
(see figure 5.1). REGEN runs were performed for lengths of 25, 30 and 35 mm for
this specific area. The variation of COP (see figure 5.1) is less than 5 %. The length
of the regenerator was chosen as 30 mm.
The next step in the design is the sizing of the regenerator for the optimum
specific area (ratio of gas cross-sectional area to mass flow). Since, the objective of
the design was to study 120 Hz operation of the PTR, we could have chosen either
the diameter of the regenerator (gives gas cross-sectional area) or the mass flow
(can be calculated from desired refrigeration power, see chapter 3). In our case, an
inner diameter of 9.017 mm (3/8” outer diameter and wall thickness of 0.010”), was
chosen from the standard commercially available stainless steel tubes. Some of the
results of the REGEN3.2 run for the optimum case are shown in Table 5.2.
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Component Length Outside Diameter Wall thickness
(mm) (mm) (mm)
Regenerator 30 9.5 0.25
Pulse-tube 30 4.7 0.15
Inertance Tube (double dia.)
Small dia. 864 2.37 0.50
Large dia. 746 2.37 0.30
Table 5.3: Component geometry in pulse-tube cryocooler. (All components stain-
less steel).
5.2.2 Pulse-tube design
The swept volume at the cold end of the regenerator calculated by the model
was about 0.161 cm3 (see table 5.2). The pulse-tube volume was chosen to be
about three times the swept volume. The thermal penetration depth in helium at
300 K, pressure of 3.5 MPa and frequency of 120 Hz was about 100 µm. The radius
of the pulse-tube must be greater than 1 mm (10 times penetration depth, see
chapter 4 section 4.3.3). The tube inner diameter was chosen from the standard
commercially available tube catalog and is equal to 4.457 mm (outer diameter of
3/16”, wall thickness of 0.006”). The length of the pulse-tube is about 30 mm.
5.2.3 Inertance tube calculations
The transmission line model was used to find the unique diameter and length
of the inertance tube which gives the maximum phase shift. A double inertance
tube model (a smaller diameter tube connected to a larger diameter tube) was
considered because it can provide larger phase shift compared to a single tube [4].
The input parameters to the model were acoustic power flow at the entrance to the
inertance tube is equal to 13.79 W (see table 5.2), pressure ratio of 1.3 and average
pressure of 3.5 MPa. The model predicts the flow to lag the pressure by 310, for
the dimensions of the tubes given in table 5.3. The reservoir volume was 50 cm3.
5.2.4 Heat exchanger calculations
The dimensions of the cold and warm heat exchangers located at the ends of
the pulse-tube were calculated from the NIST heat exchanger model. This model is
based on the standard heat exchanger calculations found in any heat transfer text
book [5]. The geometry used was #100 mesh copper screen with a porosity of about
0.600 and a wire diameter of 0.114 mm. The matrix radial thermal conductivity and
matrix axial thermal conductivity were of 500 W/K.m and 50 W/K.m respectively
for cold heat exchanger, wheres for the warm heat exchanger the values were 400
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Figure 5.2: Definitions of the temperature difference in the heat exchanger
calculations.
W/K.m and 40 W/K.m. The input to the model for the cold heat exchanger was
a mass flow of 1.19 g/s (from table 5.2), temperature of 80 K and diameter of 4.46
mm (pulse-tube inner diameter). A similar procedure was followed for the warm
heat exchanger with a mass flow of 0.371 g/s (calculated from the mass flow at
the cold end and the vertical phasor of the pulse-tube), temperature of 300 K and
diameter of 4.46 mm (pulse-tube inner diameter) as inputs. The relative pressure
drop and the ratio of temperature difference between flow and screen at the outlet
and inlet for the cold and warm heat exchangers is shown in figure 5.3 and 5.4
respectively. The data of simulation results with varying lengths is shown in tables
5.4 and 5.5 respectively. The lengths of the cold and warm heat exchangers were
chosen 4.4 mm and 3.4 mm, respectively.
5.2.5 Phasor diagram
The phasor diagram representing the designed pulse-tube refrigerator is shown
in figure 5.5. The method to calculate the amplitude and phase of the mass flow
at various sections of the refrigerator was described in chapter 4 section 4.2. The
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Figure 5.3: Variation of relative pressure drop and the ratio of temperature
difference between gas and solid at the outlet to the inlet of cold heat exchanger.
In the calculations, the average pressure P0 was 3.5 MPa, mass flow of 1.19 g/s
and temperature of 80 K. The heat exchanger geometry was flow through screens
with a wire diameter of 0.114 mm (#100 mesh), porosity of 0.60 (calendered).
The diameter of the heat exchanger was 4.76 mm. The matrix radial and axial
thermal conductivity was 500 and 50 W/K.m respectively.
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Figure 5.4: Variation of relative pressure drop and the ratio of temperature
difference between gas and solid at the outlet to the inlet of cold heat exchanger.
In the calculations, the average pressure P0 was 3.5 MPa, mass flow of 0.371 g/s
and temperature of 300 K. The heat exchanger geometry was flow through screens
with a wire diameter of 0.114 mm (#100 mesh), porosity of 0.60 (calendered).
The diameter of the heat exchanger was 4.76 mm. The matrix radial and axial
thermal conductivity was 400 and 40 W/K.m respectively.
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Length NTU ∆Tf/∆Ti ∆P/P0 Gas Volume (cm3)
4.000 2.528 0.7979E-01 0.1826E-02 0.4271E-01
4.429 2.799 0.6085E-01 0.2021E-02 0.4729E-01
4.903 3.099 0.4508E-01 0.2238E-02 0.5235E-01
5.429 3.432 0.3234E-01 0.2478E-02 0.5796E-01
6.011 3.799 0.2239E-01 0.2743E-02 0.6418E-01
6.655 4.207 0.1490E-01 0.3037E-02 0.7105E-01
7.368 4.657 0.9492E-02 0.3363E-02 0.7867E-01
8.158 5.156 0.5762E-02 0.3723E-02 0.8710E-01
9.032 5.709 0.3316E-02 0.4122E-02 0.9644E-01
10.00 6.321 0.1798E-02 0.4564E-02 0.1068
Table 5.4: Simulation results for optimizing the cold heat exchanger. The Rey-
nolds number of the flow was 2164.
important distinction between 4.2 and 5.5 is that the pressure drop in the regene-
rator is taken into account in calculating the mass flow phasor’s. The mass flows
at the cold end and warm end of the regenerator are obtained from the output
of REGEN3.2 runs. From the gas volume and other parameters, the mass flows
in the cold heat exchanger, pulse-tube, warm heat exchanger and aftercooler are
calculated.
5.2.6 PTR layout
The layout diagram of the in-line pulse-tube refrigerator used in the experiments
is shown in figure 5.6. Pressure taps were provided at the aftercooler and the warm
heat exchanger. Since the diameter of the pulse-tube is rather large, the pressure
drop in the pulse-tube can be neglected. Hence, the pressure measured at the warm
heat exchanger gives the pressure at the cold end of the regenerator. The flanges
where the thermometer holes were located, were made of copper to have low thermal
resistance between the thermometer and the gas. Rubber O-ring provided sealing
on the warm end of the pulse-tube and the aftercooler flanges. Indium was used
to seal the cold end of the pulse-tube and the regenerator flanges. Indium is a soft
material and spreads on the surface under pressure (when bolted). To confine the
indium ring, the mating flanges of the pulse-tube and the regenerator have a step
as shown in the figure 5.6. The flange connecting the pulse-tube and the inertance
tube has a taper to ensure gradual change in cross-sectional area from the pulse-
tube to the inertance tube. This is required to decrease turbulence at the pulse-tube
warm end.
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Figure 5.6: Layout drawing of the in-line pulse-tube cryocooler used in the
experiments.
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Length NTU ∆Tf/∆Ti ∆P/P0 Gas Volume (cm3)
3.000 4.576 0.1029E-01 0.8404E-03 0.3203E-01
3.429 5.232 0.5345E-02 0.9607E-03 0.3662E-01
3.920 5.980 0.2528E-02 0.1098E-02 0.4186E-01
4.481 6.836 0.1074E-02 0.1255E-02 0.4785E-01
5.123 7.815 0.4037E-03 0.1435E-02 0.5470E-01
5.856 8.933 0.1319E-03 0.1640E-02 0.6253E-01
6.694 10.21 0.3672E-04 0.1875E-02 0.7148E-01
7.653 11.67 0.8514E-05 0.2144E-02 0.8171E-01
8.748 13.34 0.1601E-05 0.2450E-02 0.9340E-01
10.00 15.25 0.2371E-06 0.2801E-02 0.1068
Table 5.5: Simulation results for optimizing the warm heat exchanger. The
Reynolds number of the flow was 296.
5.3 Experimental setup
5.3.1 Pulse-tube refrigerator
Figure 5.7 shows the fabricated regenerator and the matrix material. The rege-
nerator was made by brazing machined flanges on to the stainless steel tube. The
regenerator matrix consists of circular discs which were punched with a punch and a
die from a stainless steel screen. The microscopic picture of the regenerator matrix
is also shown in figure 5.7. The circular discs are stacked into the regenerator.
The pulse-tube was made from a standard stainless steel tube with flanges
brazed on to the ends of the tube. Circular discs of copper mesh screen were punched
and stacked into the flanges of the pulse tube and diffusion bonded to the flanges
at 9500 for 1 hour in a vacuum furnance to form heat exchangers on either end.
The braze used in brazing of the flanges of the regenerator and the pulse-tube
was 65 % Cu - 35 % Au ( melting point of 1010 oC ). This braze material is typically
used for brazing to stainless steel or between stainless steel and copper. Stainless
steel must be heated to atleast 950 oC in the vacuum furnace to remove the oxide
layer. In the vacuum braze operation the part is placed in the vacuum furnace
with a vacuum pressure less than about <0.1 Pa and heated slowly to the melting
temperature. After heating, the furnace is turned off and cooled to atmospheric
temperature. A close look at the brazed section is shown in figure 5.7.
Figure 5.8 shows the assembled in-line pulse tube refrigerator. The compressor,
inertance tube and reservoir are not shown in the figure. The warm heat exchanger
and the aftercooler are cooled by circulating water. Several layers of MLI (Multi
Layer Insulation) were wrapped on to the refrigerator to reduce radiation falling
on the cold parts. The refrigerator is enclosed in a chamber and pumped to high
vacuum to reduce convective and conduction losses with the gas.
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Figure 5.7: The regenerator was made of stainless steel tube. Fine machined
flanges were brazed on the either ends. The regenerator material was made of
stainless steel wire mesh screen. Discs of wire mesh screens were made with a die
and a punch. The microscopic picture of the wire mesh screen is also shown.
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Figure 5.8: The high frequency pulse-tube cryocooler showing various compo-
nents. The compressor, most of the inertance tube, and reservoir are not shown.
A U.S. quarter (24.3 mm) is shown for size comparison.
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5.3.2 Instrumentation
Measurement and control of the PTR was done at several locations, as indicated
in Figure 5.6. The pressure was measured at the warm end of the pulse-tube, near
the compressor end of the transfer-line, the aftercooler inlet and outlet(warm end
of the regenerator) and the reservoir. The absolute pressure was measured at the
back side of the compressor. The sensors used were miniature semiconductor pie-
zoresistive sensors manufactured by Endevco, model #8510B-500 [6]. The sensors
have a small dead volume, low sensor mass, and a rated frequency response of 500
kHz. The fast response allows these sensors to easily follow the pressure oscillations
in the system. The differential pressure measured across the transfer-line connec-
ting the compressor and the aftercooler was used to calculate the mass flow rates
at these locations as described below. The oscillating pressure signals were read by
a lockin amplifier [7]. The electronics for energizing and detecting the outputs for
these pressure transducers is manufactured by Validyne [8]. A linear compressor
manufactured by Q-Drive [3] was used to power the cryocooler.
Temperature measurement points are also indicated in Figure 5.6. The tem-
peratures are determined by diode thermometers by measuring the temperature
dependent voltage drop across a diode while maintaining constant current through
the diode. The diode thermometers and the electronics which provide the constant
current are manufactured by Lake Shore Cryotronics, Inc [9]. The diode sensors
are model #DT-470. These thermometers have a response time of approximately
0.3 s and are only used to provide mean temperatures at these locations.
The heater is made of manganine wire and was bolted to the cold heat exchanger
flange. Vacuum grease was used to have good thermal contact. A turbo pump
manufactured by Peiffer [10] was used to achieve high vacuum (<0.1 Pa). Labview
[11] data acquisition hardware and the software was used to record the temperature
history.
Mass-flow calibration
Assuming adiabatic behavior in the reservoir, the mass flow into the reservoir can
be determined from the oscillating pressure in the reservoir by the equation
m˙ =
P˙Vres
γRTres
(5.6)
where Vres and Tres are the volume and temperature of the reservoir, respecti-
vely. The mass flow at the aftercooler entrance was determined from the pressure
difference measured across the transfer line connecting the compressor and the af-
tercooler. The transfer line inside diameter was 2.5 mm with a length of 100 mm.
To determine the amplitude and phase of the mass flow, the pressure difference
across the transfer line was calibrated against mass flow by connecting a known
reservoir volume directly to the aftercooler as shown in figure 5.9, and using the
dynamic pressure measured in the reservoir to determine the instantaneous mass
flow at the reservoir entrance from equation 5.6. The calibration curve is shown in
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figure 5.10. The PV power ˙WPV , at the aftercooler entrance is determined from the
amplitudes of the mass flow m˙1 and the pressure P1 measured at the aftercooler
entrance by the equation,
˙WPV =
1
2
RTa
(
P1
P0
)
m˙1cosθ (5.7)
The term P0 is the average pressure, Ta is the temperature at the aftercooler, and
θ is the phase between m˙1 and P1. Extensive experiments were later performed by
Lewis and Radebaugh at the National Institute of Standards and Technologies to
estimate the accuracy of the mass flow measurement [12, 13].
5.4 Experimental results
Several experiments were performed on the designed pulse-tube refrigerator, by
varying the compressor power, driving frequency and the filling pressure in the
system.
5.4.1 Cooldown curve
Figure 5.11 shows the cooldown curve for the cryocooler operating at an average
pressure P0 of 3.5 MPa, pressure ratio at the cold-end of 1.23 (1.4 at the aftercoo-
ler), and an operating frequency of 120 Hz. The cooldown times from ambient
temperature of 299 K to 80 K and 50 K are about 5.5 and 11 minutes, respectively.
This very fast cooldown is a result of the small regenerator volume and low heat
capacity for a given refrigeration power, which is an advantage of operating the
cryocooler at high frequencies. Note that in the cooldown experiments, the com-
pressor power or the pressure ratio were not monitored. The fast cooldown was
studied in greater detail and is the topic of the next chapter.
5.4.2 Load curve
The net refrigeration power (applied to the heater) as a function of temperature
is shown in figure 5.12 for several operating conditions. For an average pressure of
3.5 MPa and a pressure ratio of 1.4 at the aftercooler (1.23 at the cold end) the net
refrigeration power at 80 K was 3.37 W with an input PV power at the aftercooler
of 66.0 W. For an aftercooler temperature of 298.7 K the efficiency is about 14.0
% of Carnot when referred to the input PV power.
5.4.3 Background losses
The background loss, consisting of the heat conduction through the walls of
the regenerator, the pulse-tube, regenerator matrix, and radiation heat losses are
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Figure 5.9: 5. Layout of the apparatus to calibrate mass flow in the transferline.
The pressure difference across the transferline, P1 − P2 is calibrated against the
mass flow into the reservoir, which is determined from the reservoir pressure Pres
by using equation 5.6
5.4. Experimental results 89
Figure 5.10: Calibration curve for mass flow in the transfer line. A flow am-
plitude of 1.40 g/s was measured with a pressure ratio of 1.23 at the cold end.
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Figure 5.11: Cooldown curve of the cryocooler. Cooldown times to 80 K and
50 K are about 5.5 and 11 minutes, respectively.
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Figure 5.13: Determination of background leak in the cryocooler from the warm-
up rate at 120 K with variable applied heat.
measured by finding the slope of the warm-up curve at 120 K with different heating
powers. Figure 5.13 shows the plot of the warm-up rate at 120 K versus the applied
heat. The background losses are obtained by extrapolating the warm-up rate to
zero, which is found to be about 0.93 W at 120 K. The losses are not expected to
increase significantly (will probably increase linearly) between 120 K and 80 K. The
computed conduction losses along the tube walls of regenerator and pulse-tube with
the cold end at 120 K and the warm end at 300 K is about 0.8 W. The conduction
losses in the matrix is obtained from the REGEN3.2 run for the experimental case
with the cold end temperature at 80 K and warm end at 300 K and was about
0.14 W. The sum of the losses was 0.94 W which is in close agreement with the
experimentally measured losses.
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Figure 5.14: No-load temperature versus pressure ratio at the aftercooler.
5.4.4 Variation of pressure ratio and frequency
Figure 5.14 is a plot of no-load temperature versus pressure ratio Pr at the
aftercooler for a frequency of 120 Hz. Figure 5.15 shows how the no-load tempe-
rature varies with frequency for a pressure ratio of 1.3 at the aftercooler and an
average pressure of 3.5 MPa. In both figures the no-load temperature does not
show a significant decrease with increase in pressure ratio or frequency beyond the
design values of Pr equal to 1.4 and f equal to 120 Hz. The phasor representing
the rate of change of mass in the regenerator is proportional to dynamic pressure
and frequency. Both higher dynamic pressure and frequency increase this phasor
resulting in higher mass flow in the regenerator and greater losses, which tends to
dominate the increased gross refrigeration power at higher dynamic pressures and
frequencies.
5.4.5 Performance comparison with REGEN3.2 calculations
Figure 5.5 (b) shows an example of the phasor representation of pressures and
mass flows measured with respect to the pressure at the pulse-tube warm heat ex-
changer. The experimental and calculated data of amplitudes for this example case
are shown in table 5.2. The pulse-tube is a large open tube, hence the pressure at
the warm heat exchanger is very close to the pressure at the cold end of regenerator.
The mass flow at the aftercooler is determined from the pressure difference across
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Figure 5.15: No-load temperature versus frequency.
the aftercooler Pcomp − Pa. The mass flow into the reservoir is determined from
the pressure measured in the reservoir. The maximum pressure ratio that could be
reached at the cold end of the regenerator was 1.23. The measured cooling power,
calculated PV power flow, and COP for this experimental case are shown in table
5.2. The measured and calculated parameters for several operating conditions of
the cryocooler are shown in table 5.6. The calculated parameters agree rather well
with the measured parameters.
5.5 Conclusions
A 120 Hz pulse-tube cryocooler was designed and built which cooled to a no-load
temperature of 49.9 K. This is for the first time such low temperature was achieved
for a pulse-tube cryocooler operating above 100 Hz. We have also experimentally
verified the theoretical prediction that by using a higher average pressure, a smaller
hydraulic diameter in the regenerator matrix, and a smaller regenerator volume, a
pulse-tube cryocooler operating at 120 Hz can achieve high efficiency at 80 K. A
pulse-tube cryocooler operating at 120 Hz, with an average pressure of 3.5 MPa,
and a pressure ratio of 1.23 at the cold end produced a net cooling power of 3.37
W at 80 K with an efficiency of 14.0 % of Carnot when referred to the PV power at
the aftercooler. The small regenerator volume resulted in a reduced heat capacity
and a faster cooldown time compared with pulse tube cryocoolers operating at 60
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Chapter 6
Fast cooldown modeling and
experiments
High frequency operation of a pulse-tube cryocooler leads to reduced regenerator volume,
which results in a reduced heat capacity and a faster cooldown time. A pulse-tube cryo-
cooler operating at a frequency of 120 Hz and an average pressure of 3.5 MPa achieved a
no-load temperature of 50 K. The cooling power at 80 K was about 3.37 W with a cooldown
time from 285 to 80 K of about 5.5 minutes, even though the additional thermal mass at the
cold end due to flanges, screws, heater, and thermometer was 4.2 times that of the rege-
nerator. This fast cooldown is about two to four times faster than that of typical pulse-tube
cryocoolers and is very attractive to many applications. In this study we measure the cool-
down time to 80 K for different cold-end masses and extrapolate to zero cold-end mass. We
also present an analytical model for the cooldown time for different cold-end masses and
compare the results with the experiments. The model and the extrapolated experimental
results indicate that with zero cold-end mass the cooldown time to 80 K with this 120 Hz
pulse-tube cryocooler would be about 32 s.
99
100 Fast cooldown modeling and experiments
6.1 Introduction
Fast cooldown is often desired for cryocoolers. Conventionally, Joule- Thomson
(JT) cryocoolers have been used for fast cooldown. Open-cycle JT cryocoolers ope-
rate at very high pressure (5-16 MPa) and have a very high flow impedance at the
cold end that is susceptible to clogging. Gifford-McMahon (GM), Stirling and pulse
tube cryocoolers 1 are alternatives to reach temperatures of about 50 K. Mullie et
al. [3] reported improvements in cooldown time of resonant Stirling cryocoolers by
matching the regenerator material heat capacity to the temperature profile that
would exist at steady state in the regenerator. However, the improvements in the
cooldown time were not significant. Radebaugh et al. [2] proposed a fast cooldown
technique for pulse-tube cryocooler that makes use of the resonance phenomenon
that occurs with an appropriately sized inertance tube and reservoir volume. With
a small reservoir, the resonance condition can occur, which allows for higher PV
power flows (higher refrigeration power). That concept applies to fast cooldown
of large masses at the cold end. In this paper we discuss another method of fast
cooldown that relies on high frequency and high pressure to reduce the thermal
mass of the regenerator. This method is useful for applications with small cold-end
masses where the regenerator heat capacity has a large influence on the cooldown
time.
6.2 Refrigeration power density
For an ideal Stirling and Stirling-type pulse-tube cryocooler, the cooling power
is equal to the acoustic power (PV power) at the cold end and is given by
W˙PV =
1
2
P1V˙1cosφc, (6.1)
where P1 and V˙1 are the amplitudes of the sinusoidal pressure and the volume flow,
and φc is the phase by which the volume flow leads the pressure. The volume flow
amplitude is related to the instantaneous volume amplitude V1 at the cold end by
V˙1 = 2pifV1. (6.2)
The PV power is then given by
W˙PV = pifV1P0
(
P1
P0
)
cosφc, (6.3)
where P0 is the average pressure and f is the frequency. The term in parentheses
is the relative pressure amplitude, which is usually not varied. From this equation
1. Commercial Stirling coolers have a typical cooldown time to 80 K from ambient temperature
of about 300 s [3]. Note that these coolers do not have flanges at the cold side of the regenerator.
The heat capacity ratio between the cold part and the regenerator is less than one.
6.3. 120 Hz Pulse-tube cryocooler 101
we see that by increasing the frequency the PV power can be increased for fixed
size of the refrigerator and operating conditions. However, simply increasing the
frequency of a cryocooler designed for operating at 60 Hz would lead to higher
losses because of ineffective heat transfer in the regenerator. We have shown that to
efficiently operate the cryocooler at higher frequencies it is necessary to increase the
average pressure and to use a regenerator matrix with a smaller hydraulic diameter
(see chapter 3, section 3.6.5) [4], [5]. High frequency operation of the cryocooler
would also reduce the required regenerator volume. According to equation 6.3, for
a certain PV power, increasing the frequency reduces the volume flow at the cold
end for a fixed pressure ratio and phase φc. The pulse-tube volume is generally
chosen to be about three times the swept volume at the cold end. Reduction in
swept volume due to high frequency operation of the cryocooler also reduces the
pulse tube volume. Hence, high frequency operation of the cryocooler reduces the
volumes of the regenerator and the pulse-tube for a given cooling power, which
increases the power density and leads to a faster cooldown.
6.3 120 Hz Pulse-tube cryocooler
A pulse-tube cryocooler was designed to operate at a frequency of 120 Hz with
an average pressure of 3.5 MPa [5], [6] and was described in the previous chapter.
Figure 6.1 shows the assembled cryocooler with an added mass attached to the
cold end for cooldown experiments. For the cooldown experiments reported here
the pressure ratio at the cold end (measured at the pulse-tube warm end) was held
constant at 1.23 during the entire cooldown process. For comparison, one test was
performed with the input power to the compressor held constant. To determine
the effect of the cold-end mass on the cooling process, various copper masses were
mounted at the cold end and the cooling times were recorded. The average heat
capacities of the copper masses and other components are given in table 6.1.
6.4 Experimental results
Experiments were performed on the cryocooler for several cold-end masses given
in table 6.2. For all the tests the average pressure was 3.5 MPa, the frequency was
120 Hz, and the pressure ratio was 1.23 at the cold end (measured at the warm end
of the pulse-tube), except for test 6 where the input power to the compressor was
held constant at 275 W. Figure 6.2 is the plot of cooldown curves for tests 1 to 5
in table 6.2. The tests at constant pressure ratio were chosen to provide a constant
cold-end acoustic power in order to simplify the comparison with analytical models.
As shown in table 3 the cooldown time for test 6, which was performed with a
constant compressor input power of 275 W, was significantly less than test 5 made
with the same mass but with a constant pressure ratio. The 275 W is the steady-
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Figure 6.1: 120 Hz pulse-tube cryocooler showing the thermal mass attached to
the cold heat exchanger.
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Figure 6.2: Cooldown curves under various conditions.
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state input power required when the cold end is at 50 K with a pressure ratio of
1.23 at the cold end. The high input power is a result of the compressor operating
far from resonance conditions at the 120 Hz frequency. A constant input power
would be more realistic for cooldown during actual applications.
Cold Item Mass (g) Average heat capacity (J/K)
Built-in mass, M0 26.1 9.26
(cold HX, flanges and thermometer)
Heater + screw and washer 9.2 3.10
Mass 1, M1 (Cu) 41.7 13.88
Mass 2, M2 (Cu) 83.9 27.93
Regenerator, (SS) 7.7 2.95
Table 6.1: Average heat capacities (80-285 K) of various masses at the regene-
rator cold end.
Test Cold item Mass (g) Heat capacity ratio, Cr Cooldown time a(s)
1 M0 + heater 35.3 4.19 517
2 M0 + heater + M1 77.0 8.89 1133
3 M0 + heater + M2 119.2 13.66 1692
4 M0 26.1 3.14 394
5 M0 + M1 67.8 7.84 970
6 b M0 + M1 67.8 7.84 585
Table 6.2: Experimental conditions and cooldown time with various capacities.
Tests 1-5 were for a constant pressure ratio of 1.23 at the warm end.
a 285-80 K
bConstant input power, 275 W.
6.5 Analysis
6.5.1 Analytical Model
The experimental cold stage (consisting of the regenerator, cold heat exchan-
ger, pulse-tube, warm heat exchanger) was maintained in a high vacuum, which
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Figure 6.3: Schematic of a one-dimensional thermal model of the regenerator
and the cold heat exchanger.
essentially eliminates conduction as a means of heat transfer. The cold stage was
wrapped with several layers of multi-layer insulation, which substantially reduces
the heat radiation gain from ambient. The main sources of heat transfer to the
cold end are enthalpy flow, heat conduction through the regenerator material, and
heat conduction through the tube walls of the regenerator and the pulse-tube. To
simplify the analytical model, the enthalpy flow and heat conduction were assumed
to be proportional to the temperature difference between the hot and cold ends for
cold-end temperatures between 80 and 285 K. An effective thermal conductivity is
defined as
λeff = fc.λ+ λh (6.4)
The factor fc is the conductivity degradation factor accounting for packing of the
screens [7], λh is the simulated conduction to account for enthalpy flow, and λ is
the thermal conductivity of the material. The density and specific heat are taken
to be independent of temperature and equal to the average value between 80 and
285 K.
The one-dimensional thermal model is illustrated in figure 6.3. Because of the
high thermal conductivity of copper, the cold heat exchanger can be modeled as
a uniform temperature thermal mass with a total heat capacity CM . The warm-
end heat sink is assumed to be at a constant temperature T0 and the heat flows
by the effective thermal conductivity given in Eq. 6.4 through the regenerator
and pulse-tube simulating conduction through a solid rod of the same solid cross-
sectional area. If the temperature of the regenerator and the cold heat exchanger
were initially at the heat sink temperature T0 and a step power q is applied (q <
0 for refrigeration) at the cold heat exchanger at t > 0, the cold heat exchanger
temperature T is given by [8],[9],
T (t) = T0 +
qL
λeffAc
[
1−
∞∑
n=1
4 sin2 ξn
ξn(2ξn + sin 2ξn)
exp(− t
τn
)
]
(6.5)
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where Ac is the solid cross-sectional area, L is the regenerator length, and the time
constants are
τn = ρcpL2
/
λeffξ
2
n, (6.6)
where ρ is the solid density, cp is the specific heat of the regenerator matrix and
the eigenvalues ξn are determined by the positive solutions to the equation
ξn tan ξn =
ρAcLcp
CM
=
1
Cr
. (6.7)
where CM is the heat capacity of the cold-end mass and Cr is the ratio between
the heat capacity of cold-end mass and that of the regenerator mass. When CM
approaches zero the result gives the intrinsic cooldown time when there is no cold-
end mass. For the intrinsic case of zero cold-end mass we derived an alternative
analytical model that gives the temperature as a function of both time and position
x between the warm and cold ends. The result is given by
T (x, t) = T0 +
qx
λeffAc
−
∞∑
n=1
An sin
[
(2n− 1)pix
2L
]
exp
(
− t
τ∗n
)
, (6.8)
where the constants are,
An =
8qL sin[(2n− 1)pi/2]
λeffAcpi2(2n− 1)2 =
8qL(−1)n+1
λeffAcpi2(2n− 1)2 , τ
∗
n =
4L2
pi2(2n− 1)2αm , αm =
λeff
ρcp
(6.9)
Equation 6.8 is similar to the equation derived by Reese and Tucker [10] for use
in measuring specific heats, except for a small error in their published equation.
Note that in our case q < 0. The analytical equations rely on the use of the effective
thermal conductivity given by eq. 6.4 that takes into account the enthalpy flow in
the regenerator. We rely on a numerical model described in next section to calculate
this enthalpy flow loss.
6.5.2 Numerical Analysis
The NIST numerical model, known as REGEN3.2 and based on finite difference
equations for the conservation equations, was used for the calculations discussed
here. In REGEN3.2 the mass flow at the cold end and its phase with respect to the
pressure at the cold end are input parameters, along with the desired average pres-
sure, pressure ratio, frequency, and the geometrical parameters of the regenerator
matrix. The mass flow at the warm end (both magnitude and phase) is calcula-
ted by the model. Losses associated with regenerator ineffectiveness, conduction
through the matrix, and pressure drop are calculated by the model. Conduction
loss through the tube containing the screen matrix is calculated separately. A loss
associated with the expansion process (pulse-tube) was taken to be 20 % of the
gross refrigeration power [11].
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Figure 6.4: Output from REGEN3.2 calculations compared with experimental
results.
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The enthalpy flow loss in the regenerator is not linear with the temperature
difference between the two ends of the regenerator. The enthalpy flow tends to
increase rather rapidly as the cold end cools below about 100 K, which for a constant
input PV power causes the net refrigeration power to decrease rapidly below 100 K.
To estimate the net cooling power as a function of cold end temperature, REGEN
runs were performed with the dimensions of the regenerator given in table 6.1 with
varying cold end temperatures. The average pressure of 3.5 MPa, a pressure ratio
of 1.23 at the cold end and a frequency of 120 Hz were taken to match with the
experimental data. The flow at the cold end was made to be in phase with the
pressure (φc = 0, see chapter 5 section 5.2) for all the runs. Since the mass flow
is a function of temperature, the mass flow for various runs was adjusted from the
mass flow value of 1.9 g/s at 80 K. The warm end temperature was taken to be
300 K.
Heat conduction loss through the pulse-tube and regenerator walls as well as
a radiation heat loss of about 0.06 W was subtracted from the net cooling power
calculated by REGEN3.2. Figure 6.4 is the plot of the adjusted gross refrigeration
power (gross minus the 20 % pulse-tube loss), net refrigeration power, input PV
power and heat loss as a function of temperature. The heat loss takes into account
the enthalpy flow as well as the conduction and radiation losses. The adjusted
gross refrigeration power was about 8.17 W. The heat loss was approximated by
a straight line between 300 K and 80 K, and the effective thermal conductance
was found to be 0.014 W/K. The equivalent conductivity due to enthalpy flow in
eq. (6.4) was adjusted to yield this effective thermal conductance. The appropriate
enthalpy factor was found to be λh/fcλ = 10.27, with fc = 0.13, and λ = 11.32
W/(K.m) (for stainless steel from www.cryogenics.nist.gov). This effective thermal
conductivity from equation 6.4 was then used in the analytical equations for the
cooldown time.
6.6 Comparison of experimental and calculated re-
sults
Figure 6.4 also shows the measured net refrigeration power as compared with
that calculated by REGEN3.2. We see that the experimental values in the range
between 80 and 100 K are close to, but slightly less than, the calculated values.
That could indicate the pulse-tube ineffectiveness may be slightly larger than 20 %,
thereby reducing the adjusted gross refrigeration power. If we maintain the enthalpy
factor at 10.27 and use a single adjusted gross refrigeration power q (equal to
Q˙gross,adj in figure 4) in eq. 6.5 to give the best agreement between the calculated
cooldown times and the experimental results, we find q to be -6.63 W (minus
indicates refrigeration) instead of -8.17 W from REGEN3.2. The dashed curve in
figure 6.5 represents the cooldown times calculated from eq. (6.5) with q = -6.63
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Figure 6.5: Measured and calculated cooldown times for various ratios of cold-
end heat capacity to regenerator heat capacity.
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W. When q = -6.63 W is used in eq. 6.5 or 6.8 for the intrinsic cooldown time
from 285 K to 80 K a value of 31.5 s is obtained. The experimental data are also
shown in Figure 6.5 for comparison. The solid line is a least squares linear fit to
the experimental data. That fit extrapolates to a cooldown time from 285 K to 80
K of 29.7 ± 59.7 s for zero cold-end mass. In practice a small but finite cold-end
mass is required to accommodate a heat exchanger, a small thermometer, and some
device to be cooled. Heat capacity ratios Cr less than 1.0 would be reasonable in
some applications. The major uncertainty in the experimental results is that of the
built-in cold-end mass, M0. Small variations in the pressure ratio during cooldown
result in an uncertainty for the experimental cooldown times of about 5 %.
6.7 Conclusion
We have shown that increasing the frequency and average pressure in an optimi-
zed pulse-tube cryocooler leads to shorter cooldown times. A pulse-tube cryocooler
with a significant cold-end mass operating at 120 Hz and 3.5 MPa average pressure
was shown to cool from 285 to 80 K in 5.5 minutes. Cooldown times for various
cold-end masses attached to this cryocooler were measured under the condition of
a constant cold end pressure ratio of 1.23. A linear extrapolation of these times to
zero cold-end mass showed a cooldown time to 80 K of about 29.7 ± 59.7 s, which
agrees within experimental error with the value of 31.5 s found by the use of an
analytical model. The uncertainty of 59.7 s for the intrinsic cooldown time is due
mostly to the 5 % uncertainty in the measured cooldown times for a fixed input
power discussed in section 6.6.
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Figure 6.6: Schematic of a pulse-tube cryocooler with two reservoirs and a
control valve that is closed to give a small impedance of the inertance tube and
provide for fast cooldown.
Addendum
This chapter has been adapted from the published article titled, ”Modeling and
experiments on fast cooldown of a 120 Hz pulse-tube cryocooler” [1]. Section 6.3
is different from the published article to avoid repetition on the description of the
120 Hz cryocoooler which was dealt in greater detail in the previous chapter.
Fast cooldown by tuning the impedance
The proposed improvement in cooldown time of pulse-tube refrigerators for large
masses described by Radebaugh et al. [2] is shown in figure 6.6. The impedance of
the inertance tube and reservoir volume is determined by the proper combination
of inertance tube and reservoir dimensions. For low reservoir volume the system can
be tuned to be in resonance similar to a LC electrical circuit. This will increase the
PV power flow and hence the refrigeration power. However, the phase angle between
mass flow and pressure will not be favorable (an optimum phase angle is mass flow
lagging pressure by 300) under these conditions which is not a disadvantage when
the regenerator is operating till about 100 K. Below this temperature the valve is
opened to have a favorable phase relationship to reduce losses in the regenerator.
Mixed regenerator to improve efficiency and decrease cooldown time
Mullie et al. [3] at the Thales Cryogenics in the Netherlands have reported on
the development of mixed regenerator. In the mixed regenerator 2, the properties
of the regenerator material (wire mesh, regenerator material, filling factor) are
2. The meaning of mixed regenerator is to use different regenerator material along the length
of the regenerator.
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Figure 6.7: Comparison of performance of mixed with normal regenerator [3].
varied along the regenerator. The aim is to optimize the regenerator in such a way
that at each cross-section the regenerator matrix has the proper heat capacity and
pressure drop characteristics to fully match the properties of the gas at that point.
Figure 6.7 shows the cooling power vs input power of a pulse-tube refrigerator with
mixed regenerator compared to a uniformly filled regenerator. The performance
improvement with a mixed regenerator is not very significant.
Comment on extrapolation to obtain intrinsic cooldown time
In section 6.6 we have obtained the intrinsic (zero coldend mass) cooldown
time of the 120 Hz cryocooler by extrapolating the cooldown time vs heat capacity
ratio plot to zero heat capacity ratio. It must be noted that the error margin in
this particular case is quite large about 1 minute when compared to the cooldown
time of 29.7 s because the heat capacity ratio in the experiments are also (large
greater than 3) significantly larger due to large cold heat exchanger flanges. Hence
to compare experimental results with the analytical model we are interested in the
order of cooldown time and not the exact values.
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Implications of fast cooldown with increasing frequency of PTR
The predicted intrinsic (no cold end mass) cooldown time was about 32 seconds
for the pulse-tube refrigerator operating at 120 Hz. This is a significant impro-
vement compared to the 60 Hz PTR operation. The fast cooldown with higher
frequency is due to a small cold end mass (regenerator, heat exchanger and pulse-
tube) for the cooling power resulting in high power densities. With good design of
the heat exchanger, the heat capacity ratio of the cold end mass (heat exchanger)
to regenerator can be made smaller to about 1. This would result in a cooldown
time at 120 Hz of about 100 s. Increasing the frequency of operation would even
further reduce the cooldown time.
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Chapter 7
Investigations on
microregenerators
The pressure drops of gas flows in microchannels, filled with a dense pillar matrix, were in-
vestigated with specific attention to the pillar shape. The pillars of 250 µm high and aspect
ratio of about 10 were etched in silicon using an optimized Bosch deep reactive ion etching
process. The pressure drop head-loss coefficient due to compression and expansion of gas
at the inlet and outlet of the pillar matrix was estimated to be about 1.4 for an opening ratio of
10. Comparison of friction factor correlations for circular pillar cross-sections agreed rather
good with the correlations proposed for the macroscale. Experimentally determined friction
factor correlations for several pillar crosssections for Reynolds numbers in the range of 50-
500 are presented. Among various pillar crosssections considered sine shaped pillars have
the lowest friction factor. These pillar structures with low pressure drop but rather large wet-
ted area can be used quite effectively as regenerative materials enabling the development
of microcryocoolers.
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7.1 Introduction
Over the past decade, forced flow across a matrix of micropillars has been a
subject of interest in many applications such as microreactors [1], micro heat sinks
[2] etc. These pillar matrices can also be used as heat exchangers, such as cross-flow
heat exchanger [3] and counter-flow heat exchangers [4] for continuous flows or as
regenerator [7, 9] for oscillating flows. The increase in area-to-volume ratio at the
smaller scale enhances the heat transfer but it also increases the pressure drop. Nu-
merical simulations done by Radebaugh and O’Gallagher [5] predict the necessity
of small hydraulic diameter regenerators in order to efficiently operate regenerative
cryocoolers at high frequency. This would enable miniaturization of the regenerator
and the development of microcryocoolers for on-chip cryogenic cooling. We have
experimentally demonstrated this theoretical prediction on a mesoscale cooler (see
chapter 5) [6]. Conventional regenerative cryocoolers operating at 80 K use stain-
less steel wire screens as the regenerative material. However, currently there is a
limitation on the finest screen (smallest hydraulic diameter is about 30 µm) com-
mercially available. Ruehlich and Quack [7] have performed numerical simulations
on several geometrical shapes for regenerators and concluded that there could be
better alternative geometries to screens. Considering microcryocooler applications
and using microsystem technology for production, we have considered investigating
micropillars embedded in a flow channel for developing a microregenerator.
The main purpose of this study is to identify a pillar shape with low hydraulic
(pressure drop) and thermal (heat transfer) resistance for gas flow in regenerators.
As a first step in identifying the optimum geometry, pressure drop characteristics of
various pillar shapes were investigated. For a regenerator, the contact area between
the gas and the material should be large with low material heat conduction losses
in the flow direction. In order to achieve this, the aspect ratio of pillars should be
rather large which allows most of the interaction of gas to occur with the pillars
and not with the supporting walls that make up the fluidic channel. Several studies
on macro scale heat exchangers consisting of a bank (matrix) of circular pillars
were performed and empirical correlations were summarized by Zukauskas and
Ulinskas [8]. Introductory numerical simulation on various shapes of regenerators
was reported by Ruehlich and Quack [7]. They conclude that the optimum geometry
consisted of slim elements in a staggered (overlapping) arrangement. However, the
authors have not provided the geometrical and friction factor data for all the shapes
investigated. In this paper, we follow an experimental approach of measuring the
pressure drop across various shapes of pillar matrices. The experimental results
were compared with the macro correlations for circle shaped pillars. Rectangular
channels were also considered to determine the head loss coefficient attributed to
compression and expansion of gas at the inlet and outlet of the pillar matrix, for
higher opening ratios.
7.2. Definitions and design 117
Figure 7.1: Schematic of a test sample with several pillars embedded in a micro
channel. The length L is 1 mm and width W is 0.35 mm.
7.2 Definitions and design
A schematic cross-section of a test sample is shown in figure 7.1. The pillar
structures lie in a rectangular channel perpendicular to the direction of the flow.
Circle, square, rhombus, elliptical, eye (formed by intersection of two circles) and
sine-shaped pillar cross-sections (see table 7.1) were investigated. For the circle and
square pillar cross-sections, aligned and staggered patterns (see inset in figure 7.8)
were used and for the rest only staggered patterns were investigated. The cross-
sectional area and the height h of all the pillar shapes was kept constant, which
yields a constant pillar material volume Vm and a constant porosity of the matrix
ng which is defined as,
ng = 1− Vm
V
(7.1)
Where V is the total volume of the rectangular channel containing the pillars. The
dimensions of all pillar cross-sections are shown in table 7.1. The porosity of the
pillar matrices was 0.75. The longitudinal (in the flow direction) pitch PL and the
transverse pitch PT (see inset in figure 7.8) was 50 µm for all the pillar cross-
sections. Several definitions, for experimental correlations of pressure drop across
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Geometry Hydraulic Smallest gap a b Friction factor
Diameter,Dh correlation, f
Circle 84.7 21.8 28.2 - Staggered, 70.20Re−0.44
Aligned, 103.50Re−0.64
Square 75.0 25.0 25.0 - Staggered, 96.50Re−0.55
Aligned, 183.02Re−0.90
Ellipse 34.4 18.6 16.3 49.0 26.98Re−0.82
Eye 66.8 20.2 17.4 52.4 87.10Re−0.80
Rhombus 58.3 20.5 20.5 61.0 175.20Re−0.94
Sine 23.2 18.0 15.6 80.0 29.65Re−0.94
Table 7.1: Geometries and corresponding friction factors considered in the in-
vestigation. All dimensions are in microns.
Figure 7.2: Schematic of the geometrical shapes given in table 7.1.
a tube bundle matrix can be found in literature. The pressure drop was related to
the friction factor f∗ by Zukauskas and Ulinskas [8] as,
∆P = f∗N
1
2
ρu2max (7.2)
Where N is the number of pillar rows, umax is the maximum velocity in the matrix
and ρ the density of the gas. However, in regenerator analysis [5, 7, 9] and also in
numerical tools for a regenerator such as REGEN [10, 11], a definition based on
the theory of porous media was used and is given by [12]
∆P =
1
2
ρu2m
(
f
L
Dh
+K
)
(7.3)
where f is the friction factor, L is the length of the channel. The mean velocity
um = u/ng, u = m˙ρAf Af the flow area equal to the width w times the height
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h of the channel. The factor K accounts for the head loss due to compression
of fluid when it encounters a pillar matrix and expansion of fluid when it flows
out of the pillar matrix. To investigate these losses in microscale and to compare
them with mesoscale studies, a series of parallel rectangular channels was made
and investigated. The hydraulic diameter Dh is defined as,
Dh =
4ngV
Aw
(7.4)
where Aw is the wetted area of the pillars. The friction factor is usually a function
of the Reynolds number and is expressed as,
f =
C
Rem
(7.5)
The coefficient C is geometry dependent and the exponent m depends on the flow
regime and other fluidic effects. For a laminar, fully developed, incompressible flow
the exponent m = 1. The Reynolds number Re is given by,
Re =
ρumDh
µ
(7.6)
Here µ is the dynamic viscosity which is a function of the temperature as is the gas
density. The temperature in the regenerator varies along the length L from ambient
(about 300 K) at the warm end to cryogenic temperature (< 120 K) at the cold
end. Hence, the Reynolds number also varies along the length of the regenerator.
Micro regenerative cryocoolers that operate at high frequency (120 - 1000 Hz) have
optimum gas cross-sectional areas to mass flow (equal to 1/ρUm) in the range of
0.02 – 0.07 m2.s/kg [6, 22] and for a hydraulic diameter less than 30 micron, the
region of interest of Reynolds number is in the range between Re ∼ 50 to 250.
7.3 Experimental details
The high aspect-ratio pillar structures were etched in silicon using a customized
Bosch deep reactive ion etching process. The roughness of the surface is less than
about 0.3 µm. The accuracy in determining the Reynolds number and the friction
factor depends on the accuracy with which the geometrical dimensions and flow
parameters can be determined. All the lateral geometrical dimensions were deter-
mined using an optical digital microscope which has an accuracy of about 0.1 µm.
The vertical height of the pillars was investigated under SEM with a cleaved sample
of which an example is shown in figure 7.3(a). The height variation between dif-
ferent pillar structures is less than 5 microns (< 2 %). A silicon wafer with channels
containing pillars was closed by anodically bonding a glass wafer with holes sand
blasted for fluidic connection. One of the diced samples is shown in figure 7.3(b).
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Figure 7.4: Schematic of the cross-section of a typical sample. The gas flow
directions are also marked.
Figure 7.5: Schematic of the experimental setup. The mass flow and the absolute
pressure could be set with this configuration.
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Figure 7.6: Plot of ratio of pressure drop between sample 1 and 2. The sample
2 has twice the diameter of the circle, pitch of the matrix, length and width of the
sample 1. The ratio is close to 2.0 indicating very small influence of the first and
last row of pillars on the flow development and most of the losses are frictional.
The schematic of the cross-section of a sample with gas flow is shown in figure 7.4.
The experimental setup is schematically shown in figure 7.5 and consists of a test
sample, a nitrogen gas bottle with a pressure regulator, an absolute pressure sensor
(range 7 bar, accuracy ∼ 1 %), a differential pressure sensor (range 1 bar, accuracy
∼ 1 %) and a mass flow controller (range 0-30 mg/s N2, accuracy ∼ 0.15%). With
this configuration the absolute pressure could be adjusted with the pressure regu-
lator and at the same time the mass flow through the valve could be adjusted with
the flow controller. The experimental procedure consists of setting the mass flow
to a certain value and then the inlet pressure was set with the pressure regulator.
Once the flow has stabilized the pressure drop values were recorded. This procedure
was repeated for different values of mass flow in the range of 1-8 mg/s. The gas
properties were evaluated at ambient temperature of about 295 K. Experiments
were performed on all the samples described in table 7.1 and also on rectangular
channels. The absolute pressure P0 at the inlet to the test device is kept at 5 bar.
The inlet and outlet slumps indicated in figure 7.3(b) also contribute to the
pressure drop measured at the inlet and outlet ports of the sample. The total
length of the slumps was about 8 mm and the hydraulic diameter was 0.5 mm (two
times height of the channel). A test sample with no pillars was used to simulate
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the condition of having only inlet and outlet slumps. The measured pressure drop
between the inlet and outlet ports of this sample was lower than the resolution of
the pressure sensor in the mass flow range of 1-8 mg/s. Hence, the contribution
of the slumps to the pressure drop can be neglected. To estimate the effect of
flow development in the first and last rows of pillars, a test sample (circle aligned
pattern) was designed with diameter of the circle, pitch of the matrix, length and
width of the channel twice that of the original one. The two samples were tested
and the resulting ratio of pressure drop as a function of mass flow is shown in figure
7.6. The ratio was close to 2, showing less influence of flow development in the first
and last few rows of pillars compared to the frictional losses.
7.4 Results
Rectangular microchannels were first tested to compare with theoretical predic-
tions for macrosystems. The coefficient K in equation 7.3 is given by Blevins [13]
for rectangular channels and is defined separately for the inlet Kin and exit Kout.
The coefficient K is the sum of Kin and Kout. For fully developed laminar flow
in rectangular channels the friction factor f = CRe (m = 1 in equation 7.5). The
friction coefficient C for rectangular channels was given by [13],
C =
64
2
3 +
11
24
o
hc
(
2− ohc
) (7.7)
where hc is the height of the channel and o is the width of the opening (as shown
in figure 7.7). In our case the opening ratio hco is 10, so C equals 84.9. The outlet
resistance coefficient Kout is given by [13],
Kout =
2A1
A2
(
α1 − α2A1
A2
)
(7.8)
where A1 is the flow area of the channel and A2 the area it expands to. The
parameter α1 and α2 are constants, which for laminar flow are equal to 1.33 [13].
In our case A1A2 = 0.5 so Kout = 0.665. Data on the inlet resistance coefficient Kin is
only available for relatively small values of opening ratio. Since the opening ratio in
this study is 10 which was not available in literature, we would like to find Kin by
fitting equation 7.3 to the experimentally measured pressure drop. In Figure 7.7,
the pressure drop measurement for rectangular channels is plotted as a function of
Reynolds number. The pressure drop data is fitted taking C = 84.9 and Kout =
0.665. The best fit is obtained when Kin = 0.735. The dependence of Kin on the
aspect ratio is shown in the inset of figure 7.7 with data from [13] and the value
from the experimental data for ho = 10. The inlet loss coefficient, Kin decreases
with increasing aspect ratio. The measured pressure drop through the rectangular
microchannels agrees rather well to the theoretical prediction of equation 7.3. The
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small dependence of Kin on the opening ratio between 8 and 10 allows the use of
K = 1.4 for all other shapes of the pillar matrices.
Circle aligned and staggered patterns of pillar structures were studied in great
detail for macro heat exchanger applications and several correlations were available.
Zukauskas and Ulinskas [8] compiled correlations from several studies which were
numerically shown to be valid for even lower Reynolds number by Ghosh Roychoud-
hury et al. [14]. Experiments preformed by Kosar et al. [15] on microcircular pillar
structures have no good agreement with those of conventional macro correlations.
However, the aspect ratio of pillars used in their study was about 2, which is quite
small and the interaction of fluid with the top and bottom capping walls cannot
be neglected. The aspect ratio of pillars used in this study was about 10 and the
experimental results are compared with that compiled by Zukauskas and Ulinskas
[8]. The friction factor f∗ used by Zukauskas and Ulinkas is given by equation 7.2.
The experimentally determined friction factors with Reynolds number for circle
aligned and staggered patterns are shown in figure 7.8. Zukauskas and Ulinskas [8]
defined relative horizontal pitch SL = PLD and a relative vertical pitch ST =
PT
D ,
where D is the diameter of the circle. Both relative pitches in our study were 1.77.
However, correlations from [8] were available only for relative pitch equal to 1.5 and
2.0, which are plotted in figure 7.8 for both aligned and staggered patterns. The
experimentally determined friction factors lie in between the two curves proposed
by Zukauskas and Ulinskas. Hence there was no significant deviation in the friction
factors in the microscale.
Friction factor f and Reynolds numbers Re for all shapes in table 7.1 were
determined from the experimentally measured pressure drop and mass flow and
using equations 7.3 and 7.6. The coefficient K was taken to be 1.4. The correlation
between friction factor and Reynolds number is given in table 7.1 and the data
is plotted in figure 7.9. Circle staggered patterns which are conventionally used
in macro heat exchangers have the highest friction factors among all shapes. The
reason could be that circle shaped pillars have a significant variation in the cross-
sectional area in the direction of the flow which results in velocity changes in
flow leading to higher friction factors. Lenticular (slim) elements such as rhombus,
eye, ellipse and sine shaped have relatively smaller changes in cross-sectional area
compared to circle and square shaped pillars. Among the lenticular elements, sine
shaped pillars have fairly uniform gap (less flow area variation) in the flow direction
leading to lower velocity changes and a lower friction factor. Although, rhombus
elements have uniform gaps, they have abrupt change in direction of flow at the
corners of the pillar, also contributing to a higher friction factor. Elliptical shape
has rounded corners and has lower friction factor compared to rhombus shape but
still greater than sine shaped elements. Friction factor data from Kays and London
[12] for stacked screens and rectangular channel data from Blevins [13] is also shown
in figure 7.9. In the region of interest of Reynolds number between 50-250, elliptical
and sine patterns have lower friction factor than screens and rectangular channels.
The exponent m in equation 7.5 for sine patterns is about 0.94 and is close to 1.00
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Figure 7.7: Pressure drop measurement on rectangular channels with a fit to
the measurements. From this fit the inlet resistance coefficient Kin is determined.
The theoretical pressure drop (equation 7.3) without considering the inlet and exit
losses is also plotted. In the inset Kin is plotted for the available data [13] and
from that determined from experiments for aspect ratio of 10. Cross-section of
rectangular channels perpendicular to the gas flow is also shown.
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Figure 7.8: Comparison of experimentally determined friction factors for circle
aligned and staggered patterns with that compiled by Zukauskas and Ulinskas [8].
The bold line is the data from [8] for a relative pitch ratio of 1.50 and 2.00.
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Figure 7.9: Compiled friction factor data for all the geometrical shapes described
in Table 7.1. Data for screens Kays and London [12] (Fanning friction factor used
in [12] is one fourth of the friction factor f , also called Darcy-Wesisbach friction
factor defined in equation 7.3) and rectangular channels [13] with porosity 0.5
is also shown. Sine and elliptical pillar cross-section has friction factors smaller
than screens which was the commercially used regenerative material. The slope of
friction factor data for sine cross-section is close to that of theoretical rectangular
channels.
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for rectangular channels indicating a similar flow behavior.
7.5 Conclusions
We have experimentally determined the friction factors for gas flow across va-
rious pillar cross-sections in the Reynolds number between 50 and 500. The head
loss coefficient K at the inlet and outlet of the rectangular channels, for an ope-
ning ratio of 10 was experimentally determined to be about 1.4. Friction factor
comparison of circle shaped pillar matrices with studies in macroscale has rather
good agreement, showing no significant microfluidic effects. Sine shaped pillar cross-
sections have the lowest friction factor compared to all other pillar cross-sections
including screens which is a conventionally used regenerator material. The low fric-
tion factor in sine shaped pillar matrices is attributed to the lower velocity changes
because of almost uniform gap in the flow direction. Further study will need to be
carried out to measure heat transfer coefficients of these pillar matrices to obtain
an optimum geometry considering both hydraulic and thermal performance of the
pillar matrix.
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Figure 7.10: (a) Wire mesh screen. (b) Packed sphere matrix.
Addendum
This chapter has been adapted from the published article titled, ”Pressure drop
of laminar gas flow in a microchannel containing various pillar matrices”. In this
section more information on the regenerator materials typical used, detailed defi-
nition of hydraulic diameter and some remarks on the oscillating and steady flow
correlations are given.
Regenerator materials
For optimum performance of the regenerator, the regenerator material should
have high heat capacity (even at low temperatures), a lower axial heat conduc-
tion, a low dead volume, low pressure drop and good heat transfer characteristics.
Some of the geometries widely used in regenerator design and new developments
on regenerator materials are discussed in the following sections.
Wire screens
The woven wire mesh screen shown in figure 7.10 (a) is the most commonly used
regenerator material. The screens are also used in many other applications such as
filters, as insect screens, decorative mesh and for radio frequency (RF) shielding
[16], leading to ready availability and low cost. The advantage of the screen is
that it provides high heat transfer area with minimum pressure drop and that is
available in various mesh sizes, from less than 50 mesh to 635 mesh. The mesh
number indicates the number of wires per inch. Small diameter of wire (see chapter
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5, section 5.2) used for weaving the screen leads to complete utilization of the
thermal capacity of the material. Stainless steel and phosphor-bronze screens are
typically used as regenerator material (to have low axial thermal conductivity) and
copper screens are used for making heat exchangers (high thermal conductivity).
The porosity ng of the wire screen is given by,
ng = 1− pi4
(
d
s
)
(7.9)
where d is the wire diameter and s is the spacing between the wires. Typical poro-
sities of screens is about 0.60. The hydraulic diameter is given by,
Dh =
dng
1− ng (7.10)
The screen characteristics of various mesh numbers is given in section 5.2.
Sphere packing
Figure 7.10 (b) shows the schematic of sphere packing for use as regenerator
material. For a perfectly packed sphere matrix of uniform particle size, the porosity
is independent of the particle size and approaches a limit of 0.3 [9]. This low porosity
increases the heat transfer area but also significantly increases the pressure drop.
Hence, sphere packing is used only at temperature (below 50K) where the viscosity
of the helium gas is low and higher gas density. Lead spheres are typically used
which has high specific heat capacity at low temperatures compared to stainless
steel or phosphor bronze.
Parallel wire regenerator
Jeong et al. [17] describes a regenerator geometry which is shown in figure
7.11. It consists of wires which are wrapped in a bundle. The flow area is made
up of the gap between the wires and they suggest that this particular geometry
is comparable to a parallel plate geometry. The friction factor of the parallel wire
regenerator was found to be about 20-30 % of that of wire mesh screen whereas the
parallel plate geometry has a friction factor about a factor of 10 less than screens
[7]. Also the parallel wire geometry has larger heat conduction losses compared to
the wire mesh screen. Moreover, the production process described in the paper is
very cumbersome.
LIGA process
The LIGA [19] micro-machining process was used by Kelly et al. [20],[21] to
fabricate discs of regenerator material which were assembled to form a regenerator
as shown in figure 7.12. The advantage of this process is that these discs can be made
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Figure 7.11: Parallel wire regenerator [17]
Figure 7.12: Procedure to make a regenerator with the LIGA process by Mezzo
technologies [18]. (a) The required geometry is etched into a regenerator disc which
serves as the building block. (b) The discs are assembled to form a regenerator.
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of a wide variety of materials such as rare-earth alloys, stainless steel, lead, copper
or nickel alloys. These discs can also have a well defined porosity, channel shape
and size. However, assembling these discs might be complicated. Also, similar to the
parallel wire regenerator, the conduction losses along the matrix will be dominant.
The authors did not present experimental results on the fabricated regenerators.
What is hydraulic diameter?
It is significant to note that the hydraulic diameter is just a definition to re-
present noncircular geometries with an effective diameter of the circle. The hydrau-
lic diameter is equal to,
Dh =
4Ag
O
(7.11)
where Ag is the gas cross-sectional area and O is the perimeter of the geometry. The
factor 4 is introduced so that the hydraulic diameter will be equal to the diameter
of the circle for a circular cross-sectional geometry. In geometries such as screens
and sphere packing the definition of the hydraulic diameter is modified to include
gas volume Vg and the wetted area Aw as,
Dh =
4Vg
Aw
(7.12)
A particular geometry of the regenerator is completely defined once the porosity
ng and the hydraulic diameter Dh are know. Correlations of friction factor (non-
dimensional representation of pressure drop) and Stanton number (non-dimensional
representation of heat transfer) [12] are available for various regenerator materials
which can be used to calculate the actual pressure drop and heat transfer losses.
Motivation
As mentioned above, the parallel wire regenerator and the LIGA discs are some
of the efforts on the improvement of the regenerator geometry. The objective of our
study is to fabricate a regenerator with the standard micromachining process steps
but with better performance than wire mesh screens. A parallel wire regenerator
suffers from the fact that it has high conduction loss compared to the stacked
screens. The LIGA process is very complicated and it suffers also from the large
conduction losses along the regenerator. To overcome these problems we propose
a very simple geometry that consists of pillars etched into the material. Since the
pillars are not in contact with each other the conduction heat loss decreases except
along the walls. The porosity and the hydraulic diameter of the regenerator material
can also be adjusted by varying the pillar dimensions and the spacing between them.
Note that the samples used in pressure drop measurements were made of silicon
which has a very high thermal conductivity compared to stainless steel. Regenerator
made of only silicon would lead to high thermal conduction loss and hence is not
BIBLIOGRAPHY 133
preferred. Glass is a widely used material in microsystems technology and has a low
thermal conductivity, comparable to stainless steel and hence is a suitable material
for regenerator fabrication.
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Chapter 8
High-frequency pressure
oscillator
Micro miniature pulse-tube cryocoolers should operate at a frequency of an order higher
than the conventional macro ones because the pulse-tube cryocooler operating frequency
scales inversely with the square of the pulse-tube diameter. Piezoelectric actuators operate
efficiently at high frequencies and have high power density making them good candidates
as drivers for high frequency pressure oscillators. The pressure oscillator described in this
work consists of a membrane driven by a piezoelectric actuator. A pressure ratio of about
1.11 was achieved with a filling pressure of 2.5 MPa and compression volume of about
22.6 mm3 when operating the actuator with a peak-to-peak sinusoidal voltage of 100 V
at a frequency of 1 kHz. The electrical power input was about 2.73 W. A high pressure
ratio and low electrical input power at high frequencies would herald development of micro
miniature cryocoolers.
8.1 Introduction
With emerging superconducting devices [1–3], infrared sensors for atmospheric
studies [4, 5], terahertz imaging sensors for military applications [6] and other elec-
tronic devices in Micro-Electro-Mechanical-Systems (MEMS), the development of
efficient and small cryocoolers to cool these devices is imperative. The existing cryo-
coolers are rather bulky and expensive. A cryocooler fabricated with microsystem
technology is an ideal solution to integrate these devices directly on the cryocooler,
enabling on-chip cryogenic devices. For achieving cryogenic temperatures below 100
K, gas compression cycles are the viable options as it was shown that the lowest
temperature ever achieved with optical coolers was about 220 K [7]. Multiple stages
are required for thermoelectric coolers and these have very low performance below
200 K [8]. Magnetic refrigerators operating from room temperature are rather in-
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efficient [9]. Among the gas cycles reviewed by Radebaugh [10], the Joule-Thomson
cycle which is a recuperative type and the pulse tube cryocooler which is a rege-
nerative type are of interest to miniaturization because of no moving parts in the
cold end. Figure 8.1 (a) shows the schematic of a closed cycle Joule-Thomson cycle.
In this cycle there is a steady flow of refrigerant around the loop brought about
by a reciprocating compressor with inlet and outlet valves. A pulse-tube cryocooler
(see figure 8.1 (b)) operates with oscillating pressure and oscillating flow. A high
pressure ratio of about 16:1 [11] is required in the Joule-Thomson cycle where as
pressure ratios of about 1.15 to 1.3 are common in pulse-tube cryocoolers [12].
The schematic of a pulse-tube cryocooler is shown in figure 8.1 (b). The iner-
tance tube causes the flow to oscillate with the pressure in the right phase relation-
ship. The pulse-tube cryocooler requires adiabatic (no heat transfer between gas
and the walls) compression and expansion in the pulse-tube component to produce
an oscillating temperature in the gas. As heat transfer between the gas and the
pulse-tube wall increases, the amplitude of the temperature oscillation decreases
and the efficiency of the process decreases. For the process to be nearly adiabatic,
the tube radius must be large compared to the thermal penetration depth δth in the
helium gas. The thermal penetration depth varies with the frequency of operation
f as δth ∝ f−1/2 [13]. Conventional pulse-tube cryocoolers operate at about 60
Hz, leading to a lower size limit for efficient operation of such a cryocooler. Increa-
sing the frequency to about 1 kHz, the tube radius of the pulse-tube can be made
considerably smaller, allowing the miniaturization of the cryocooler. Design rules
for efficient high frequency operation of a regenerator was reported by Radebaugh
et al. [13] which, was experimentally verified on a macroscale by Vanapalli et al.
[14]. The next step is to realize an efficient high frequency pressure oscillator to
drive the micro cold stage.
We have evaluated various mechanisms for actuating such a high frequency
pressure oscillator: electrostatic, thermal, electromagnetic, and piezoelectric. Elec-
trostatic actuators provide very low force and stroke and hence was eliminated from
consideration. Thermal actuators have very low thermal-to-mechanical conversion
efficiency and hence are not desirable. Electromagnetic actuation is widely used
in commercial refrigerators. The force exerted by the electromagnetic actuator is
proportional to the current flowing in the coil. In scaling down the actuator the
Joule heating of the coil could be a major concern for high power density. Piezoe-
lectric actuators have high power density, can operate at high frequencies, have
good electrical-to-mechanical efficiency and potentially have a very long operating
life. However, they provide a very low stroke, but this is not a severe drawback
because of the low dead volume in micro cryocoolers. Because of excellent cha-
racteristics of piezoelectric actuators, this option was selected as a driver in the
pressure oscillator.
The configuration of pressure oscillators are generally of two types: one is a
piston moving in a cylinder and second is deflection of a membrane. A free-piston
compressor of typical pulse-tube cryocooler operates with a small diameter piston
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and a long stroke [15]. The piston is suspended by springs combined with a clea-
rance seal between the piston and the cylinder wall. The length is usually long
compared to the diameter of the piston to reduce leakage loses. In contrast, mem-
brane compressors have large diameter and a short stroke to limit the bending
and tension stresses in the membrane. The membrane design was chosen for the
pressure oscillator because it fits to the limited stroke capability of piezoelectric
actuators.
8.2 Design
Figure 8.1 (c) shows the schematic of the trace of pressure in a pulse-tube
refrigerator. The sinusoidal pressure amplitude is represented by P1 and the average
pressure by P0. The pressure ratio Pr, which is the ratio of the maximum to the
minimum pressure over one cycle and is given by
Pr =
P0 + P1
P0 − P1 (8.1)
The gross refrigeration power Q˙r of a pulse-tube refrigerator is equal to the acoustic
or PV power at the cold end of the regenerator and is given by,
Q˙r = W˙PV =
1
2
P1V˙1,ccosφ (8.2)
where V˙1,c is the amplitude of the sinusoidal volume flow rate at the cold end of
the regenerator, and φ is the phase by which the volume flow leads the pressure.
The volume flow rate V˙1,c is related to the volume amplitude at the cold end V1,c
as,
V˙1,c = j2pifV1,c (8.3)
where j is the imaginary unit and f is the frequency of operation. The swept volume
varies proportionally with temperature in the regenerator. The swept volume at the
warm end of the regenerator V1,w is related to the swept volume at the cold end
as,
V˙1,w =
Tw
Tc
V˙1,c (8.4)
where Tw and Tc are the temperatures at the warm and cold ends of the regenerator,
respectively. The swept volume of the compressor should be larger than V1,w to
account for dead volume losses in the interconnects.
The pressure wave in the compression volume Vc is created by the oscillating
motion of the membrane. The generated pressure is a function of the temperature
T0 and the filling pressure P0. The variation of temperature is rather small and
can be neglected. In Figure 8.2 the deflection profile of the membrane under a load
F is shown; w(r) is the deflection of the membrane at position r and τ(r) is the
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Figure 8.2: Cross-section of the deflection profile of the membrane subjected to
a force by the actuator and the subsequent generation of differential pressure in
the compression volume.
shear force per unit length at position r. The center of the membrane has a rigid
part of radius r2, which is attached to the actuator. The membrane also has two
laser drilled holes (not shown in figure 8.2) for static pressure equalization across
the membrane. The dynamic pressure P1 acting on the membrane gives a force
balance,
2pirτ (r) = F − P1 · pir2 (8.5)
The differential equation for the deflection of the membrane is derived by using
the linear elasticity theory for plates [16]
d
dr
(
1
r
d
dr
(
r
dw (r)
dr
))
=
τ (r)
D
(8.6)
where D is the flexural rigidity of the membrane given by,
D =
Eh3
12 (1− ν2) (8.7)
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In equation 8.7, E is the Young’s Modulus, ν is Poisson’s ratio and h is the thickness
of the membrane. The general solution of equations 8.5 and 8.6 is,
w (r) = − r
4
64D
P1 +
(
r2
8piD
ln (r)
)
F + C1 + C2r2 + C3 ln (r) (8.8)
The constants C1,C2 and C3 are determined by applying the following boundary
conditions,
w (r1) = 0;
dw (r1)
dr
= 0;
dw (r2)
dr
= 0 (8.9)
The volume of the gas ∆V displaced by the membrane is given by,
∆V = pir22w (0) +
∫ r1
r2
2pirw (r) dr (8.10)
which is equal to the volume change corresponding to the dynamic pressure P1 that
can be obtained from the ideal gas law for constant temperature conditions;
∆V = −Vc
P0
P1 (8.11)
where P0 is the average pressure in the compression volume.
The maximum force generated by the piezo actuator with stiffness kp, on a load
with stiffness kl is given by,
F = kp ·∆L0 kl
kp + kl
(8.12)
where ∆L0 is the maximum no-load displacement of the actuator. The force F
generated by the piezo actuator depends on the no-load displacement ∆L0 at a
certain frequency f and voltage applied V for a known load and piezo stiffness.
The load stiffness kl is given by,
kl = km + kg (8.13)
where km is the membrane stiffness and kg is the stiffness of the gas in the com-
pression volume Vc. Assuming isothermal conditions in the compression volume Vc,
the gas spring stiffness kg is given by [17],
kg =
P0A
2
c
Vc
(8.14)
where Ac is the membrane cross-sectional area.
In the present study, we aim at cooling a high-temperature superconducting
device at 80 K. Since such a device is non-dissipating, a net cooling power of 10
mW is adequate [18]. With the refrigerator operating at f = 1 kHz, Tw = 300 K,
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Figure 8.3: The piezoactuator used in the experiments. The motion of the piezo
stack is amplified by the flexure. A two Euro coin (25.75 mm) is shown for size
comparison.
Tc = 80 K, φ = −300, Pr = 1.3, P0 = 2.5 MPa, the V1,w is equal to 0.085 mm3
( equations 8.2, 8.3 and 8.4), for a gross refrigeration power of 20 mW (assuming
losses to be about 10 mW). The compressed volume Vc is equal to 22.6 mm3 and
is larger than V1,w to simulate a load attached to the compressor. The dimensions
of the membrane are given in table 8.1. The relationship between the force F
and dynamic pressure P1 is derived from equations 8.8 and 8.11 which, for the
membrane dimensions given in table 8.1, with an average pressure P0 = 2.5 MPa
results in P1 (bar) = 0.11 · F (N). The piezo actuator used in the experiments is
shown in figure 8.3. The piezo stack elongates in the axial direction and the stainless
steel flexure attached to it amplifies the stroke into a perpendicular motion. The
specifications of the actuator are given in table 8.1.
The no-load displacement of the piezo was measured with a laser vibrometer
with a resolution of 0.1 µm which, works on the Mach-Zender interferometer prin-
ciple. Figure 8.4 shows the amplitude of the displacement of the piezo actuator
with voltage for several frequencies of operation. For a peak to peak voltage Vpp of
90 V the displacement was about 30 µm at a frequency of 500 Hz. With the same
measuring technique, the no-load resonance frequency was determined as 1.43 kHz.
The layout drawing of the pressure oscillator is shown in figure 8.5. The piezo
actuator was clamped to the cap of the oscillator. The membrane was laser cut
from a stainless steel sheet of nominal thickness equal to 50 µm. Two holes of
diameter less than about 10 µm were laser drilled on the membrane for filling the
compression chamber with high pressure gas. The holes were small enough to be
leak tight under dynamic operation. A screw was laser welded on to the membrane.
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Figure 8.4: The no-load displacement amplitude of the piezo actuator with
voltage for several frequencies of operation measured with a laser vibrometer.
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Table 8.1: Specifications of the piezoelectric actuator and the dimensions of the
membrane and the compression volume.
Parameter Value
Stroke 145 µm
Stiffness 1.0 N/µm
Unloaded Resonant Frequency 1400 Hz
Dimensions 17× 28.5× 12 mm
Mass 22 g
Membrane
r1 6.0 mm
r2 3.0 mm
h 50 µm
Compression space
Vc 22.6 mm3
Fluidic and electrical feed throughs were provided on the cap of the oscillator. The
bottom flange clamps the membrane to the housing of the oscillator. A pressure
tap on the flange was provided to measure the oscillating pressure generated in the
compression volume Vc.
The stiffness of the membrane was obtained from equation 8.8 with P1 = 0. The
calculated stiffness of the membrane km was about 0.145 N/µm. For an average
pressure P0 equal to 2.5 MPa the gas spring stiffness kg is 0.088 N/µm. As a result,
the load stiffness kl is equal to 0.233 N/µm.
8.3 Experiments
The pressure oscillator was filled with nitrogen gas from a pressure-regulated
gas bottle. The pressure sensor located on the filling line close to the pressure
oscillator measures the filling pressure in the system. A PT100 temperature sensor
is glued on the piezo stack to monitor its temperature. The current ie flowing into
the piezo stack was determined from the voltage across a calibrated resistor. From
the voltage Ve across the piezo and the current ie, the electrical power W˙e supplied
to the piezo actuator is given by,
W˙e =
1
2
|Ve||ie|cosθe (8.15)
where θe is the phase angle between voltage and current. The dynamic pressure P1
generated in the compression space of the oscillator was measured by a pressure
sensor with a range of 0-3.5 MPa, sensititivity of 22.0 mV/MPa and a resolution
of about 1 mbar. A lock-in amplifier was used to read the oscillating pressure.
144 High-frequency pressure oscillator
F
ig
u
re
8
.5
:
T
h
e
la
yo
u
t
o
f
th
e
p
ressu
re
o
scilla
to
r
sh
o
w
in
g
va
rio
u
s
co
m
po
n
en
ts.
T
h
e
sta
in
less
steel
m
em
bra
n
e
w
h
ich
w
a
s
la
ser
cu
t
fro
m
a
sh
eet
is
a
lso
sh
o
w
n
.
T
w
o
h
o
les
o
f
d
ia
m
eter
a
bo
u
t
1
0
µ
m
w
ere
la
ser
d
rilled
,
o
n
e
o
f
th
e
h
o
le
is
sh
o
w
n
in
th
e
m
icro
sco
p
ic
p
ictu
re
o
f
th
e
m
em
bra
n
e.
8.3. Experiments 145
0 . 0 0 . 5 1 . 0 1 . 5 2 . 0 2 . 5 3 . 0 3 . 5 4 . 0 4 . 5 5 . 0 5 . 5 6 . 0 6 . 5 7 . 00 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
 
 
Dyn
am
ic P
res
sur
e a
mp
litu
de,
 P 1 
(ba
r)
F o r c e  a m p l i t u d e ,  F  ( N )
 c a l c u l a t e d 5 0 0  H z 6 0 0  H z 7 0 0  H z 1 0 0 0  H z
P 1  ( b a r )  =  0 . 1 1  F ( N )
Figure 8.6: Calculated and experimentally generated oscillating pressure am-
plitude in the compression volume to the force exerted by the piezo actuator for
several frequencies. The force is calculated from the voltage applied, the stiffness
of the load and the no-load displacement in figure 8.4.
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Figure 8.7: Measured pressure amplitude with electrical power supplied to the
piezo actuator for several frequencies at a filling pressure of 2.5 MPa.
Experiments were performed with a filling pressure P0 of 2.5 MPa and varying
the amplitude and frequency of the applied voltage. Fig. 8.6 shows the amplitude
P1 for several frequencies of operation. The force was calculated from equation 8.12
with the no-load displacement ∆L0 obtained from figure 8.4 for an applied voltage
on the piezo actuator. The calculated pressure with force as described in section
8.2 is also plotted in the same figure. The measured pressure data agrees rather
good with the theoretical model.
Fig 8.7 shows the measured dynamic pressure amplitude P1 as a function of
the measured electrical power for several frequencies and a filling pressure P0 of
2.5 MPa. For an applied peak-to-peak sinusoidal voltage of 100 V the measured
pressure ratio Pr at a frequency of 1 kHz was about 1.11 and the measured electrical
power input was about 2.73 W. Figure 8.8 shows the calculated work amplitude
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Figure 8.8: Work done per stroke by the piezo actuator with electrical power,
for several frequencies at a filling pressure of 2.5 MPa.
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P1V1 of the piezoactuator as a function of measured electrical power for several
frequencies and a filling pressure P0 of 2.5 MPa. The PV work amplitude (P1V1),
produced at an operating frequency of 1 kHz was about 0.17 mJ for an electrical
input of 2.73 W when operating the piezoelectric actuator at 100 V peak-to-peak
sinusoidal voltage. The PV power transmitted for the above conditions is about
0.54 W (using equation 3.5 and 8.3 with φ = 0) which gives an efficiency of 20 %.
8.4 Discussion and Conclusion
A pressure oscillator operating at high frequency for driving micro pulse cryo-
coolers was presented. Piezoelectric actuators produce large forces but low stroke
and can operate over wide range of frequencies and hence are ideal drivers for low
dead-volume MEMS cryocoolers. The theoretical model for deflection of membranes
agrees well with experimental data. A pressure ratio of about 1.11 at a frequency
of 1 kHz was achieved when operating the piezo with a peak-to-peak sinusoidal
voltage of 100 V. For these conditions, the work produced by the piezo actuator
was about 0.17 mJ for an electrical input power of 2.73 W which gives an efficiency
of 20 %. Higher pressure ratios can be achieved by driving the actuator at higher
voltages. This pressure oscillator can be directly coupled to a micro pulse-tube
cold head resulting in the development of new generation of micro cryocoolers. The
development of high frequency pressure oscillators would pave the way to a new
generation of on-chip micro pulse-tube cryocoolers.
Increasing the load stiffness kl, by increasing the thickness of the membrane
and decreasing the compression volume Vc would result in large force exerted by
the piezo. The large force, would provide high pressure ratio Pr, but low swept
volume. Coupling the compression chamber with low void volume check valves as
shown in figure 8.1 (a), a steady high pressure flow can be generated. Operating the
actuator at higher frequencies will provide sufficient high pressure flow to power a
micro Joule Thomson cold tip [11].
In a classical (ideal) Stirling refrigerator the compression, expansion and dis-
placement of the gas is often represented by discontinuous piston and displacer mo-
tions [19]. The fast response time of piezoelectric actuators would allow exploring
non-sinusoidal operation of Stirling cycle which was not possible with conventional
electromagnetic pressure oscillators. Further research must be carried out to utilize
piezoelectric actuators to realize new variants of regenerative gas cycles.
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Chapter 9
Conclusions and
recommendations
This thesis set out to investigate miniaturization aspects of regenerative ther-
modynamic cycles with an aim to develop micro-miniature cryocoolers for on-chip
cryogenic cooling of non-dissipating high Tc superconductors. Regenerative cryo-
coolers operate with oscillating pressure and flow. A pulse-tube cryocooler is a par-
ticular type of regenerative cryocooler without any moving parts at the cold side,
making it a good candidate for miniaturization. In chapter 2 section 2.4 we have for-
mulated several questions concerning the miniaturization of pulse-tube cryocoolers
which will be answered here:
(a) What are the limitations of scaling down of
pulse-tube cryocoolers?
A pulse-tube cryocooler requires adiabatic (no heat transfer between gas and the
tube walls) compression and expansion in the pulse-tube component to produce an
oscillating temperature in the gas. As heat transfer between the gas and the pulse-
tube wall increases, the amplitude of the temperature oscillation decreases and the
efficiency of the process decreases. For the process to be nearly adiabatic, the tube
radius must be large compared to the thermal penetration depth δth in the gas.
The thermal penetration depth varies with the frequency of operation f as 1/
√
f .
Conventional pulse-tube cryocoolers operate at about 60 Hz, leading to a lower
size limit for operation of such a cryocooler. Increasing the frequency to about 1
kHz, the tube radius of the pulse-tube can be made considerably smaller, allowing
the miniaturization of the pulse-tube cryocooler. Further, the size of conventional
pulse-tube cryocoolers for a fixed refrigeration power could also be reduced at high
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frequencies which, is important for many applications.
However, simply increasing the operating frequency will increase the buffered
mass in the void volume of the regenerator, resulting in an increase in the average
mass flow in the regenerator. The losses, both pressure drop and heat transfer are
proportional to mass flow and hence increases with frequency, reducing the effi-
ciency of the cryocooler at high frequencies. The buffered flow in the regenerator at
higher frequencies can be reduced by decreasing the gas volume in the regenerator.
Parametric analysis performed in this thesis (see chapter 3) indicates that the gas
volume can be reduced with an increase in average pressure. Decreasing the gas
volume would decrease the regenerator heat transfer area for a fixed porosity. For
a certain material volume, the heat transfer area can be increased by choosing a
smaller hydraulic diameter regenerator material. Hence, to efficiently operate the
regenerator at high frequencies, the average pressure should be increased and a
smaller hydraulic diameter regenerator material should be used.
A 120 Hz pulse-tube cryocooler was designed and built. A no-load temperature
of 50 K was achieved when operating with an average pressure of 3.5 MPa. This is
for the first time such low temperatures could be achieved for operating frequencies
above 100 Hz. REGEN3.2 numerical model was used to optimize the dimensions
of the regenerator, which used #635 mesh stainless steel screen. The length and
diameter of the regenerator was about 30 mm and 10 mm respectively. The net
refrigeration power at 80 K was 3.37 W. The input acoustic power at the aftercooler
was 66.0 W, which yields a cooler efficiency of 14.0 % of Carnot with an aftercooler
temperature of 298.7 K. The background loss consisting of heat conduction and
radiation, was about 0.93 W at 120 K. The successful operation of 120 Hz pulse-
tube cryocooler at cryogenic temperatures gives us confidence on the design rules
and the model for predicting high frequency regenerator operation.
The 120 Hz pulse-tube cryocooler cooled from 285 K to 80 K in about 5.5
minutes, even though the additional thermal mass at the cold end due to the
flanges, screws, heater and thermometer was 4.2 times that of the regenerator.
This fast cooldown is about two to four times faster than that of typical pulse-tube
cryocoolers and is attractive to many applications. This was studied in detail by
attaching various thermal masses to the cold end of the cryocooler and measuring
the cooldown times to 80 K. An analytical model was developed to compare with
experiments. The model predicts a zero cold-end mass cooldown time to 80 K of
31.5 s. With an optimized design of cold heat exchanger, the heat capacity ratio
of the cold end mass to regenerator can be reduced to about 1 which, gives a
cooldown time of about 100 s. Further reduction in cooldown time can be obtained
by increasing the frequency of operation of the cryocooler.
recommendations
Besides proving the theory of efficient high frequency operation of pulse-tube
cryocooler (hence the confidence gained to design a micro pulse-tube), several ad-
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vantages of the 120 Hz pulse-tube cryocooler have an impact on the existing com-
mercial cryocoolers. For a certain refrigeration power, the high frequency operation
of the cryocooler reduces the size of the cooler and also allows shorter cooldown
time which is advantageous for portable applications. However, existing commer-
cial linear flexure pressure oscillators are designed for 60 Hz operation. Further
research should be carried out in optimizing the linear flexure pressure oscillators
to operate in resonance at 120 Hz.
As discussed in chapter 4 section 4.3.4 for micro pulse cryocoolers, the inertance
tube and reservoir combination cannot produce sufficient phase shift. Hence in this
case, a double inlet orifice pulse-tube [1] configuration might have to be used.
Another solution is to use a mechanical oscillator (spring mass combination) to
provide the phase shift between mass flow and pressure amplitude [2].
(b) Can microsystems technology be used to fabri-
cate micro pulse-tube cryocoolers?
Microsystems technology was used to fabricate the regenerator. The geometry
of the regenerator consists of several pillars in a microchannel. Previous theoreti-
cal studies indicate the importance of pillar shape for good hydraulic and thermal
performance. However, no experimental verification was done. In this study, the
regenerator material was chosen to be silicon because we were interested in cha-
racterizing the performance of the pillar and it is relatively easy to fabricate high-
aspect ratio microstructures in silicon compared to other materials such as glass.
The height of the pillar was 250 µm with an aspect ratio of 10. Pressure drops of
gas flows in microchannels filled with circle, square, rhombus, elliptical, eye (formed
by intersection of two circles) and sine shaped pillars cross-sections were measured
and friction factors were determined in the range of Reynolds number between 50
and 500. Friction factor comparison of circle-shaped pillar matrices with studies in
macroscale has rather good agreement, showing no significant microfluidic effects.
Sine shaped pillar cross-sections have the lowest friction factor compared to all
other pillar cross-sections including wire mesh screens.
recommendations
Heat transfer coefficient of the pillar matrices should be measured to obtain an
optimum geometry considering both hydraulic and thermal performance. However,
thermal experiments in the microscale is challenging because of the high effective-
ness of the pillars. To measure accurately the temperature of the gas, thermometers
might have to be made on chip. Hetsroni et al. [3] reviewed the thermal experiments
performed by several authors in the microscale. The investigators attributed the
divergence of the measured data from theory to several microscale effects which
later proved to be wrong. The errors could be because of the instrumentation used
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to measure various parameters, the fabrication errors and many other heat leaks
which were not accounted for in the analysis.
Glass is a suitable material for fabricating the cold stage of the micro pulse-tube
cryocooler. Micromachining high aspect ratio structures in glass was investigated
as a part of this research. Preliminary etching experiments were performed based
on the recommendations of several authors [4]. Further investigation is currently
being carried out in the TST group at the University of Twente [5].
(c) Micro pulse-tube cryocooler would need an ac-
companying compressor, can conventional compres-
sors be scaled down?
As noted above, the operating frequency should be increased in order to minia-
turize the pulse-tube cryocooler. Conventional pulse-tube cryocoolers are powered
by moving coil or moving magnet type of linear electromagnetic actuators [6]. For
efficiency reasons, these actuators are operated in resonant conditions. The reso-
nance frequency is given by
√
k/m (k is the flexure stiffness and m is the moving
mass). In order to operate in resonance at higher frequencies the stiffness of linear
flexures k should be increased and/or the moving mass m should be reduced. There
is an upper limit on increasing the stiffness of the linear flexure springs for a given
moving mass (the flexures also contribute to moving mass) and the resonance fre-
quency could be limited to about 150 Hz [7]. Another limitation of electromagnetic
actuators is their limited power density compared to piezoelectric actuators.
Piezoelectric actuators produce large forces but low stroke and can operate over
wide range of frequencies and hence were chosen as a driver for micro pulse-tube
cryocooler. A pressure ratio of about 1.11 at a frequency of 1 kHz was achieved
when operating the piezoelectric actuator with a peak-to-peak sinusoidal voltage
of 100 V. For these conditions, the work amplitude produced by the piezoelectric
actuator was about 0.17 mJ for an electrical input power of 2.73 W which gives an
efficiency of 20 %. Higher pressure ratios can be achieved by driving the actuator at
higher voltages. This is for the first time successful demonstration of piezoelectric
actuators for pressure oscillators was demonstrated.
recommendations
The pressure oscillator size is dominated by the size of the piezoelectric actuator.
Piezoelectric actuators of even smaller size than that used in this investigation
are now commercially available [8]. Further investigation has to be carried out in
interconnecting the micro cold stage to the pressure oscillator.
BIBLIOGRAPHY 155
Bibliography
[1] R. Radebaugh. Pulse tube cryocoolers, pages 415–434. 2003. edited by S.
Kakac, H. Smirnov, and M.R. Avelino, Kluwer academic publishers, Dordrecht,
The Netherlands.
[2] R. Radebaugh private communication.
[3] G. Hetsroni, A. Mosyak, E. Pogrebnyak, and L. P. Yarin International journal
of heat and mass transfer, 48 (2005).
[4] X. Li, T. Abe and M. Esashi Sensors and Actuators A:Physical, 87:3 (2001).
[5] H. V. Jansen and M. deBoer. Private communication, TST group, University
of Twente, (2006).
[6] E. D. Marquardt, R. Radebaugh and p. Kittel. In: Seventh International
Cryocooler Conference Proceedings, Air Force Phillips Laboratory Report PL-
CP-93-1001. Kirtland Air Force Base, NM, 783, (1993).
[7] R. Radebaugh. Private communication, (2006).
[8] Dynamic Structures and Materials, LLC. 205 Williamson Square, Franklin,
TN 37064, USA. (www.dynamic-structures.com)
156 Conclusions and recommendations
Summary
Cryocoolers are small refrigerators capable of achieving useful refrigeration be-
low 120 K. Recent developments in the field of high Tc superconductors spawned a
wide range of applications such as terahertz sensors, SQUIDS, low noise amplifiers,
filters for microwave applications and many more. These devices are typically, non-
dissipating and require a cryocooler delivering refrigeration power of about 10 mW
operating at 80 K. The existing commercial closed loop cryocoolers are huge, less
reliable and expensive. Several research groups have been investigating develop-
ment of cryocoolers using microsystems technologies for on-chip cryocooling. Gas
cycles which, can be broadly divided into recuperative (steady flow) and regene-
rative (oscillating flow) cycles are the only current means of reaching cryogenic
temperature in a single stage. The aim of this thesis is to investigate miniaturiza-
tion of regenerative cycles. Pulse-tube cryocoolers, a variation of the Stirling cycle
(regenerative type), are a fairly recent development in cryocooler technology. The
principal advantage of a pulse-tube refrigerator is that it has no cold moving parts
in the refrigerator.
Processes in the pulse-tube must be nearly adiabatic for efficient operation,
which occurs when the tube radius is large compared with the thermal penetration
depth δth in the working fluid, usually helium gas. At a temperature of 300 K and
a pressure of 3.5 MPa, δth is 0.12 mm for helium at a frequency of 120 Hz, and it
varies with the frequency f as δth ∝ 1/
√
f . Thus, higher frequency operation can
enable miniature pulse-tube cryocoolers fabricated with MEMS technologies. High
frequency operation of the pulse-tube refrigerator has several other advantages. For
a certain acoustic power the swept volume would decrease with higher frequency.
The size of the compressor is usually a function of the swept volume and hence
increasing the frequency of operation would reduce the size of the compressor. The
size of the pulse-tube and regenerator would also be reduced at higher frequencies
for a given cooling power. Reduction in size and mass is a huge advantage for
portable and space applications. Simply increasing the frequency of a pulse-tube
refrigerator designed for 60 Hz would lead to higher losses in the regenerator. For
efficient high frequency regenerator operation the parametric analysis performed
in the thesis indicate that the average pressure should be increased and a smaller
hydraulic diameter regenerator material should be used.
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A 120 Hz pulse-tube refrigerator was designed and built. A no-load temperature
of 49.9 K was achieved. This was for the first time such a low temperature was
achieved for a pulse-tube refrigerator operating above 100 Hz. The net refrigeration
power at 80 K was 3.37 W. The input acoustic power at the aftercooler was 66.0 W,
which yields a cooler efficiency of 14.0 % of Carnot with an aftercooler temperature
of 298.7 K. The cooldown time from 285 to 80 K was about 5.5 minutes, even
though the additional thermal mass at the cold end due to flanges, screws, heater
and thermometer was 4.2 times that of the regenerator. This fast cooldown is
about two to four times faster than that of typical pulse-tube refrigerators and is
very attractive to many applications. This fast cooldown was studied by measuring
the cooldown time to 80 K for different cold-end masses and extrapolate to zero
cold-end mass. An analytical model was developed and was compared with the
experimental results. The model and the extrapolated experimental results indicate
that with zero cold-end mass the cooldown time to 80 K with the 120 Hz pulse-tube
refrigerator would be about 32 s.
As a step towards investigating fabrication methods for micro regenerators, a
matrix of pillars were etched in silicon using a customized Bosch dry etching process.
Several pillar cross-sections such as circle, square, rhombus, elliptical, eye (formed
by intersection of two circles) and sine shapes were investigated. The height of the
pillars was 250 µm and the aspect ratio was about 10. Pressure drop measurements
performed on these pillar matrices show that the sine shaped pillar matrices have
friction factors which are an order lower than the wire mesh screens typically used
in commercial regenerators.
A miniature pulse-tube cryocooler would need an accompanying pressure os-
cillator operating at high frequency of about 1 kHz. Electromagnetic actuators
such as moving coil or moving magnet type used in conventional cryocoolers have
scaling down problems because of the issues relating to cooling the coil. Piezoelec-
tric actuators have high power density, can operate at high frequencies, have good
electrical-to-mechanical efficiency and potentially have a very long operating life.
A pressure oscillator consisting of a stainless-steel membrane driven by a piezoe-
lectric actuator was designed and experiments were performed. A pressure ratio
of about 1.11 at a frequency of 1 kHz was achieved with a filling pressure of 2.5
MPa and a compression volume of about 23 mm3 when operating the piezoelectric
actuator with a sinusoidal peak to peak voltage of 100 V. For these conditions, the
work produced per cycle was about 0.17 mJ for an electrical input power of 2.73 W
which gives an efficiency of 20 %. Higher pressure ratios can be achieved by further
optimizing the membrane.
This thesis has covered various subjects relating to the miniaturization of pulse-
tube refrigerators. With further development in the fabrication technologies, a mi-
cro miniature pulse tube refrigerator should be possible.
Samenvatting
Cryogene koelers zijn koelers die een temperatuur lager dan 120 K kunnen berei-
ken. Recente ontwikkelingen op het gebied van hoge-Tc supergeleiders hebben ge-
zorgd voor een breed spectrum aan toepassingen, zoals terahertz sensoren, SQUIDs,
ruisarme versterkers, filters voor microgolf toepassingen en nog veel meer. In veel
van deze toepassingen wordt een zeer gering vermogen gedissipeerd en daarom is
een koeler met een koelvermogen van slechts 10 mW afdoende bij een temperatuur
van typisch 80 K. De huidige commercie¨le cryogene koelers met een gesloten cyclus
zijn in dit verband te groot, hebben een te beperkte levensduur en een te hoge
aanschafprijs. Verschillende onderzoeksgroepen hebben onderzoek gedaan naar de
ontwikkeling van cryogene koelers met behulp van microsysteemtechnologie voor
ge¨ıntegreerde (’on-chip’) cryogene koeling. Deze koelers maken gebruik van gascy-
cli, die onderverdeeld kunnen worden in recuperatieve (continue) en regeneratieve
(oscillerende) cycli. Momenteel is het bereiken van cryogene temperaturen middels
een enkele koelertrap uitsluitend mogelijk met dit soort koelers. Het doel van dit
proefschrift is om de miniaturisatie van regeneratieve cycli te onderzoeken. De cryo-
gene pulsbuiskoeler, een variant op de Stirling koeler (regeneratieve soort), is een
vrij recente ontwikkeling op het gebied van cryokoelertechnologie. Het voordeel van
een pulsbuiskoeler is dat het geen bewegende delen heeft in het koude deel van de
koeler.
Voor een efficie¨nte werking moeten processen in de pulsbuis zo goed mogelijk
adiabatisch zijn. Dit is het geval wanneer de buisdiameter groot is vergeleken met de
thermische indringdiepte δth van het werkgas, meestal helium. Bij een temperatuur
van 300 K en een druk van 3.5 MPa is δth 0.12 mm voor helium bij een frequentie
van 120 Hz, en varieert δth met de frequentie f als 1/
√
f . Dit betekent dat een hoge
werkfrequentie miniaturisatie van cryogene pulsbuiskoelers mogelijk kan maken, die
vervolgens gefabriceerd kunnen worden met MEMS technologie. Een hoge werkfre-
quentie van de pulsbuis koeler heeft ook verschillende andere voordelen. Bij een
bepaald akoestisch vermogen neemt het slagvolume af voor een hogere frequentie.
De grootte van de compressor is een functie van het slagvolume en dus zorgt het
verhogen van de werkfrequentie ervoor dat de compressor verkleind kan worden.
Bij een gelijkblijvend koelvermogen zullen ook de afmetingen van de pulsbuis en de
regenerator afnemen voor een hogere frequentie. Een afname van de grootte en de
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massa van een cryogene koeler is van groot belang voor draagbare- en ruimtevaart-
toepassingen. Het verhogen van alleen de werkfrequentie is echter niet afdoende.
Het verhogen van de frequentie van een pulsbuiskoeler die ontworpen is voor 60
Hz leidt tot hogere verliezen in de regenerator. Voor een efficie¨nte hoogfrequente
werking van de regenerator geeft de parametrische analyse, uitgevoerd in dit proef-
schrift, aan dat de vuldruk verhoogd moet worden en een kleinere hydraulische
diameter gebruikt moet worden in de regenerator.
Een 120 Hz pulsbuis koeler is ontworpen en gebouwd. De koeler bereikt een tem-
peratuur van 49.9 K, wanneer deze niet thermisch belast wordt. Het was voor het
eerst dat zulke lage temperaturen bereikt waren met een pulsbuis die werkt op een
frequentie boven 100 Hz. Het netto koelvermogen op 80 K is 3.37 W. Het akoestisch
inputvermogen is 66.0 W. Dit betekent dat de efficie¨ntie van de koeler 14.0 % van
de Carnot efficie¨ntie is bij een afvoertemperatuur van 298.7 K. De afkoeltijd van
285 K naar 80 K is ongeveer 5.5 minuut, met aan de koeltip een thermische massa,
die door flensen, schroeven, het verwarmingselement en de temperatuursensor, 4.2
keer zo groot is als die van de regenerator. Deze afkoeling is ongeveer twee tot
vier keer sneller dan die van de huidige pulsbuiskoelers en is erg aantrekkelijk voor
veel toepassingen. De snelle afkoeling is bestudeerd door de afkoeltijd naar 80 K
te meten voor verschillende thermische massa’s aan de koude zijde. Een analytisch
model is ontworpen en vergeleken met de experimentele resultaten. Het model en
de gee¨xtrapoleerde experimentele resulaten geven aan dat, zonder extra thermische
massa aan de koude zijde, de afkoeltijd van de 120 Hz pulsbuiskoeler naar 80 K
ongeveer 32 s is.
Als een belangrijke stap in het onderzoek naar fabricatiemethodes voor minia-
tuur pulsbuiskoelers zijn matrices van paaltjes ge-etst in silicium met behulp van
een aangepast Bosch etsproces. Verschillende doorsnedevormen van deze paaltjes
zijn onderzocht, zoals een cirkel, een vierkant, een ruit, een ellips, een oogvorm
(de intersectie van twee cirkels) en een sinusvormige doorsnede. De hoogte van de
paaltjes is 250 μm en de aspect ratio is ongeveer 10. Drukvalmetingen, uitgevoerd
op de matrices, tonen aan dat de sinusvormige paaltjesmatrix een frictiefactor heeft
die een orde kleiner is dan de gestapelde gaasjes die normaal gebruikt worden in
commercie¨le regeneratoren.
Een cryogene minipulsbuiskoeler heeft een bijbehorende drukoscillator nodig die
werkt met een hoge frequentie van ongeveer 1 kHz. Electromagnetische aandrijving,
bijvoorbeeld met een bewegende spoel of een bewegende magneet, zoals gebruikt in
conventionele cryogene koelers, zelfs bij verkleining problemen met het koelen van
de spoel. Pie¨zo-electrische actuators hebben een hoge vermogensdichtheid, kunnen
werken op hoge frequenties, hebben een efficie¨nte omzetting van electrische naar
mechanische energie, en hebben in potentie een erg lange levensduur. Een dru-
koscillator, die bestaat uit een roestvaststalen membraan, aangedreven door een
pie¨zo-electrische actuator, is ontworpen en er zijn experimenten met deze drukos-
cillator uitgevoerd. Wanneer de pie¨zo-electrische actuator wordt aangedreven met
een sinusvormige piek-piek spanning van 100 V kan een drukverhouding van onge-
161
veer 1.11 bij een frequentie van 1 kHz bereikt worden bij een vuldruk van 2.5 MPa
en een compressievolume van ongeveer 23 mm3. Voor deze condities is de geprodu-
ceerde arbeid per cyclus ongeveer 0.17 mJ voor een elektrische inputvermogen van
2.73 W, wat leidt tot een efficie¨ntie van 20 %. Grotere drukverhoudingen kunnen
bereikt worden door het verder optimaliseren van het membraan.
Dit proefschrift behandelt verschillende onderwerpen die gerelateerd zijn aan de
miniatuarisatie van pulsbuiskoelers. Met verdere ontwikkelingen in de fabricatie-
technologiee¨n, moet het mogelijk zijn om een miniatuur pulsbuiskoeler te fabriceren.
162 Samenvatting
Appendix A
Solution to heat diffusion equation for chapter 6
Problem definition
The regenerator is considered as a uniform rod of cross-sectional area A having
an effective thermal conductivity λ, specific heat capacity cp and density ρ. The rod
is initially at temperature T0 (in our case ambient temperature). At time, t = 0,
cooling power Q˙ is introduced at length x = 0. We assume the properties of the
rod to be independent of temperature. The aim is to obtain a temperature profile
of the rod as a function of position x and time t.
Mathematically, the problem can be written as,
ut = kuxx, for0 < x < L, t > 0 (1)
where ut = dudt , uxx =
d2u
dx2 , with boundary conditions
ut(0, t) = − Q˙
λA
= C1 (2)
u(L, t) = T0 (3)
initial condition
u(x, 0) = T0 (4)
Approach
The heat diffusion problem described above has non-homogeneous boundary
conditions. Hence, separation of variables cannot be applied directly. However, by
perturbing the temperature function u(x, t) in such a way the problem is transfor-
med to a standard initial-boundary value problem having homogeneous boundary
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conditions, which we know how to solve (see section below). To do this, begin
putting,
u(x, t) = U(x, t) + ψ(x) (5)
substitute u into the heat diffusion equation 1 to obtain,
Ut = k(Uxx + ψ′′(x)) (6)
and this is a standard heat equation for U if ψ′′(x) = 0. Thus choose ψ(x) = Ax+B
to satisfy the boundary conditions.
applying boundary condition 2,
ut(0, t) = Ut(0, t) + ψ′(0) = C1 (7)
Ut(0, t) should be equal to zero for homogeneous case, so
ψ′(0) = C1 (8)
hence,
A = C1 (9)
applying boundary condition 3,
u(L, t) = U(L, t) + ψ(L) = T0 (10)
for homogenous case U(L, t) = 0, so
B = T0 − C1L (11)
The non-homogenous problem reduces to a new homogeneous problem as follows,
Ut = kUxx, for0 < x < L, t > 0 (12)
boundary conditions
Ut(0, t) = 0 (13)
U(L, t) = 0 (14)
initial condition
U(x, 0) = C1(L− x) (15)
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Homogeneous solution
The homogeneous problem,
ut = kuxx, for0 < x < L, t > 0 (16)
with boundary conditions
ut(0, t) = 0 (17)
u(L, t) = 0 (18)
and initial condition
u(x, 0) = f(x) (19)
can be solved by using separation of variables or the Fourier method and is a
standard textbook problem. The solution is,
u(x, t) =
∞∑
n=1
bnsin
(
(2n− 1)pix
2L
)
e−
(2n−1)2pi2kt
4L2 (20)
with
bn =
2
L
∫ L
0
f(ξ)sin
(
(2n− 1)piξ
2L
)
dξ (21)
Solution
The solution to problem defined by 12, 13, 14, 15 is the same as equation 20
with,
bn =
8C1L
(2n− 1)2pi2 (22)
so the final solution is,
u(x, t) = T0 + C1(x− L) +
∞∑
n=1
8C1L
(2n− 1)2pi2 sin
(
(2n− 1)pix
2L
)
e−
(2n−1)2pi2kt
4L2 (23)
This equation satisfies both the boundary conditions described by 2, 3.
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